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Chapter 1
Introduction
The future of automotive lays in the use of lightweight, high performance materials that is
the use of composites also for structural parts. Application of these materials is nowadays
commonly accepted by the aerospace industry: low weight and outstanding performance make
composites a fundamental tool for efficient but still safe structures.
However, the requirements of the automobile industries differ in same fundamental matters
from the needs of the aerospace: in fact car production means mass production thus high
production rates at competitive costs which result in the necessity of finding an equilibrium
between quality, time and cost.
For this application, thermoplastic materials are of great importance since they have en-
abled the application of aerospace techniques, that is the use of composites, to the automobile
industry. They solve the problems connected to high cost and long manufacturing time to allow
the production, with short time and competitive costs, of structural and mechanical parts of
common cars.
Thermoplastic resins offer a promising alternative to thermoset resins. In fact thermoplastics
are highly resistant to chemicals, damages, and impacts. They have a lower level of moisture
take up so their mechanical properties degrade less under wet or hot conditions. Thermoplastic
composites can be melted down after they are formed, allowing them to be recycled at the end
of life. The most important advantage of thermoplastics however, may lie in their potential for
rapid, low-cost, automated, mass production of reinforced composites [1] due to the fact that
they can be heated and formed repeatedly.
These new manufacturing techniques, namely the procedures for the production of ther-
moplastic matrix composites, have finally reached production rates satisfying the requirements
of the automotive industry. However, since these methods are relatively recent and not fully
developed yet and considering also the limit in the choice of “raw materia” set by the costs of
the overall production process, it is necessary to classify the defects.
Classifying the defects means identifying deviations from the ideal behaviour, understanding
the impact they may have on the performances and trying to define a level of acceptability to
see whether the loss in properties experienced by the products are acceptable or not.
Riding the wave of the aeronautical experience on what is called damage tolerance or defining
a level of acceptability for damages, the aim of the current work is to enable in the future
the possibility to set a defect tolerance that could be defined as an acceptability level for
manufactured pieces in order to define whether or not they can be used as part, structural and
mechanical, of a road vehicle.
5
6 CHAPTER 1. INTRODUCTION
Chapter 2
Introduction to composites
A composite is every material that is composed by two or more different constituents easily
discernible one from the other. The components that constitute the material are a resisting
element or reinforcement and joining element or matrix acting in sinergy to achieve properties
that could not be obtained by any of the original constituent acting alone [2, 3].
The interest in composites material lies on the possibility of building resistant structures
with lower weight. When compared to metallic materials they present also a better endurance
to fatigue: these factors explain the interest of the aeronautical world towards this typology
of material. On the contrary they present lower compressive strength and bad impact behaviour.
The reinforcement is composed by fibres, available in different shapes, dimensions and ar-
rangements.The more common reinforcement used for structural components are made of glass
or carbon.
When dealing with a material, there is a certain probability that a defect is present in the
analysed piece, along with a reduction in volume also the probability to find a defect decreases
and this is the reason why a single fiber, which has a small volume, is a lot more resistant
compared to the nominal characteristics of the material.
However, the properties of the resulting material are lower than the properties of the fibres,
the reasons for this have to be searched in the non perfect alignment of all fibres in the desired
directions as well as in the presence of the matrix. In fact the characteristics of the joining
element can influence strongly the behaviour of the entire element.
The matrix has three fundamental roles, that is to keep the fibres aligned, to distribute the
load as equally as possible on all the fibres and to protect them from the outer environment
e.g. UV rays, humidity, moisture.
Numerous typologies of joining elements e.g. resin, are available: they differ in terms of
operational temperature, level of viscosity. Some of these parameters can be opportunely altered
to obtain characteristics near to the ones needed.The joining elements can be divided in two
big families which are: thermoset resins (TS) and thermoplastic (TP).
More known for the production of structural components is thermoset resin, however another
typology of resins, thermoplastic, is enjoying a great rising popularity among other reasons for
its suitability to automatized processes.
The difference between these two families stands on a chemical level: TP resins are crys-
talline or amorphous structures kept together by Van der Waals forces, the forming is carried
without chemical reaction by increasing the temperature. TS resins are rigid 3D networks orga-
nized in an amorphous structure. The forming process involves a exothermic chemical reaction
of polymerisation and is usually called curing, it consists in the application of temperature and
pressure. The difference lays on the fact that at room temperature, thermoplastic resins are
7
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stiff; so the forming procedures for thermoset and thermoplastic composites are conceptually
alike, but thermoplastic resins need to be heated before any forming process, while for ther-
moset resins it works the other way round: the heating is necessary to harden the product
(together with pressure, temperature is part of the curing cycle).
Another difference deriving from the microstructure is that in the case of thermoset com-
posites, prepregs have a limited life since the curing process had already started during the
soaking of the resin and can only be slowed down by storage at low temperature.
Instead, since they have no need for curing, thermoplastic composites can be stored indef-
initely at ambient temperature. Furthermore, any error in the forming process can be fixed
when melting before fabrication. Recycling is also possible.
While for metallic materials the behaviour is commonly isotropic, the presence of the rein-
forcement introduces anisotropy; for this reason, unlike continuous media for which the choice
of material is a different step from the project of the shape, when dealing with composites it
is necessary that the phase of designing the structure and designing the material are pursued
together as one.
For composite material the procedures of design and sizing of the structure are set jointly
with the choice of the material. The step of choosing the material is a highly articulated one:
it consists of the choice of the reinforcement, the resin and also the forming technique. This
step has to be seen as a compromise between a certain number of requirements, for instance
for the automotive industry, important parameters to account for when designing the material
are: resistance, good performance, low cost, possibility to automatize the process and high
rates of production. As a function of the need, materials for reinforcement and resin are chosen
together with forming technique, however it is important to know that not all materials are
appropriate for all forming techniques. Moreover also the shape required influences the choice
of the manufacturing technique.
2.1 Types of reinforcements and semi-finished products
The terminology used for the fibres comes from the textile tradition so a single fibre is a filament,
a bunch of fibres produced simultaneously is a strand or a end, when rolled together as a tape
they become rovings or tows or if twisted and stranded yarns.
Both roving and yarns can be woven: woven rovings and clothes which can even be webbed
in a variety of shapes: as a function of the number of weft, filament in the transverse direction,
and warp, filament in longitudinal direction, the production ranges from unidirectional, with
the minimum number of wefts necessary to keep the weave together, to the case of equal number
of filament in weft and warp. Together with the types and number of intersection between weft
and warp and the angle of intersection (for some particular application it can differ from 90◦),
different performances of the formed piece are obtained: the weaving technique influences the
behaviour.
The fibre obtained in this way can either be left as it is, so it results in a long fibre or it can
be chopped in a short fibre. It is easily understandable that long fibres present more difficulties
in manufacturing but as an outcome give incomparable better resistance if compared to short
fibers. For this reason, further analysis will focus only on reinforcements made of continuous
fibres.
There is a wide range of long fibre semi-finished composites with thermoplastic matrices:
• Already compacted plate
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• Co-laminate bonding : composite sheet where the matrix has already permeated the ma-
jority of the fibres
• Co mixed : mixture of reinforcing fibres and matrix fibres
• Powder : usually woven reinforcement on which powder is agglomerated on one or both
sides of the surface
• Product without impregnation: dry reinforcement and matrix sheet completely separated,
the soaking takes place during compaction.
Going from top to bottom, manufacturing time increases, but the cost of material decreases:
the choice is thus a compromise between these two factors. More specifically, the first type only
needs to be laid out, whereas the last requires complete impregnation before formatting.
2.2 Composite manufacturing procedures
The simplest technique for composite manufacturing is the so called Open-die moulding, even
if it is not frequently used, it is outlined as the basis for other techniques.
Open-die moulding
The shape of the manufactured product is given by a single mould. The mould is composed
by only one surface (open mould) where it is necessary to apply a release agent to permit the
extraction of the piece after the manufacture. The application of resin and fibre is done layer
over layer, compacting after the deposition of a layer of resin and fibre in order to avoid the
formation of air bubbles or wrinkles.
The possible enhancement of open-die moulding are the use of autoclave for applying pres-
sure and temperature and the use of prepreg which helps the fibre to keep the desired orien-
tation. To apply pressure to the structure it is necessary to isolate it from the surrounding by
using a vacuum bag, usually inside the sack thermocouples are put to control the temperature.
The typical operational times in autoclave are of some hours.
The choice of the material of the mould depends from some factors, for instance production
rate and reached temperature. For higher bunch production and in case of higher temperatures,
metallic mould are used; the main issue of using mould of metallic material lays in the different
elongation between the tools and the material (deriving for instance in spring-in phenomena).
Matched-Die moulding
In matched-die moulding a complete mould assembly is used, mould and countermould form a
cavity that has the shape of the piece . Fibres are positioned inside the heated mould and are
compressed by a press. The type of semi-finished product used could be either prepreg or dry
fibres reinforcement. The use of a complete mould means high price but a good surface finish
and high production rates.
The semi-products used for the current application are either powdered or re-consolidated
tapes, where the material has to be compressed when it is already warm, or a plate pre-
consolidated by thermocompression.
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2.2.1 Fabrication Process at CETIM
The fibres used are a combination of carbon and glass continuous fibres. There are two processes
used for creating the thermocomposites:
• Thermocompression between plates: heating inside the press
• Transfert : heating outside press using IR rays before moulding inside the press
In the first case, after stacking the composite plies, the laminate is put on the press. The
machine features two heated plates: the upper one moves downwards applying the desired
compression.
  
Figure 2.1: Press used at CETIM
The problem of the thermocompression process lays in the long time required to homoge-
neously heat the composite plate in order to achieve good infiltration of the matrix between
the fibres. If the heating period is shorter than 30’, then the compression should be continued
during cooling, but such a requirement is not suitable for an industrial process. Moreover, cou-
pling heating and compression seems more likely to promote porosity and reduces impregnation
of the surfaces.
This is why the second fabrication technique e.g. transfert is introduced. Plies are pre-
heated before compression using infrared rays (outside the machine) to shorten the heating and
compression times. Since excessive heat would melt the material, the required time is 5 to 7
minutes.
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The material is heated to a temperature higher than the fusion temperature of the matrix
in order to ensure complete melting of the resin in the stack. In addition the temperature is
monitored by inserting a thermocouple between the element and one of the plates.
In the automotive context a production cycle of five minutes would be satisfactory. How-
ever, a 5’ Transfert procedure is not applicable to powder composites because it produces an
excessive level of porosity (over 10%), so the process of production for this type of semiproduct
was changed in a consolidation procedure which means longer time.
Manufacturing parameters such as time, temperature and pressure influence strongly the
quality of the product. Fixing a material and a manufacturing technique, the quality of the
manufactured product varies considerably.
In Hou’s work [1], the microstructure of the cross section of a laminate obtained by compres-
sion moulding (a matched die moulding technique) is observed at different stages of consolida-
tion. It is found that the consolidation of the laminate may be split in two different stages i.e.
compaction and impregnation, each of the two being strongly influenced by the aforementioned
manufacturing parameters.
For instance, increasing either applied pressure or holding time enhances the quality of the
laminates, moreover the time needed to reach the same consolidation quality reduces dramat-
ically once higher pressure is applied. It is obvious that temperature has also a strong effect:
if the processing temperature is reduced, the time and pressure needed to obtain complete
impregnation increase.
The interest placed in the concept of quality is due to the fact that quality affects the per-
formance of the material. In other words, assess the quality of the material is equal to estimate
if and how the performances of the material differ from the expected, that is understanding if,
or better at what level, defects are present in the manufactured product.
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Chapter 3
Defects
For several decades, the aeronautic industry has been deeply concerned with assessing and
evaluating the performance of composite elements as influenced by the inevitable presence of
defects. To this end, some important industries have already carried out a standardisation
procedure. Unluckily, such knowledge can not be applied directly in the automotive field.
More explicitly, in the field of aeronautics, materials should always be of top quality, due to
the catastrophic effects defects would have in case of failure, the severe environement and the
longer operational life, whereas the automobile sector is more involved with issues of cost and
acceptable behaviour, as applied to medium and large scale production.
In principle, any deviation from design conditions could be considered a defect. However,
acceptance criteria must be set according to the application and the degradation of mechanical
properties a particular defect brings about. Mechanical tests and studies of defect growth in
the expected service environment set the basis for this analysis.
A first classification distinguishes between manufacturing defects and in-service damages.
In our study, we will be mainly concerned with the former, leaving a description of in-service
defects to a later effort.
3.1 Defect vs. Feature
As stated above, defect is defined as an irregularity in material or structure that causes a
deviation from the design specification. As far as this definition is concerned, perfect adherence
to manufacturing procedures should theoretically lead to absence of defects. However, incorrect
design decisions may also lead to unwanted features that are impossible to fix by working on
the manufacturing alone.
This is why it is necessary to distinguish manufacturing defects into those actually connected
to manufacturing procedures and those due to the design procedure. In this last case it is better
to refer to these systematic issues as features, instead of defects.
To clarify this distinction, an explicative example can be taken from Potter’s work. Referring
to [12], damage may be for introduced by draping, the process of laying down material on an
arbitrary tool surface. Depending on how the draping process is carried out at the component
design level (see Figure 3.1), the material maps differently on the surface, and thus fibre angle
and mass per unit area change. Among other things, the requirement to conform to the surface,
i.e the presence of in plane and out of plane curvatures, will cause fibre misalignment, differences
in thickness, varied overlapping of material. These issues are not to be considered as defects as
they are the direct result of the way the structure has been designed.
An important matter is to define when, due to improper design, a feature becomes defect: up
to a certain level design procedures that lead to excessive deviation from the correct behaviour
should be assessed as defects, still it is also true that the problem could only be overcome by
13
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Figure 3.1: Four different drape solution around a corner [11]
a change in the design procedures.
3.2 Ideal behaviour, actual behaviour
Another interesting point, outlined in [12], is that the ideal properties of the material are never
reached, not even at semi-product level. When focusing on defects, it is not sufficient to account
for the variability of the properties of the manufactured piece alone, but even before, it could
be interesting to focus also on the variability of the unprocessed elements in terms of content
of resin and fibre percentage.
A study exposed in [13] shows that a slightly higher variability than expected is present in
as-delivered prepreg: in terms of mass content, studies show that as-delivered prepreg are out
of the specification given by manufacturer. In particular some variability in mass content is
present also comparing different zone of the laminate: usually the corner area is shown to be
under specification, while the central area is above.
Variability is generated also by the process of manufacturing of the prepreg. For instance
the process of wounding the laminate onto a drum for transportation and storage causes dif-
ferential elongation of upper and lower fibres which results in a curvature of the fibres and in
an angular misalignment. In general when the laminate is unrolled the expectations are that
it should straighten, however the viscoelastic nature of the material causes the waviness to be
not completely relieved.
The curvature present in as-supplied prepreg due to elongation of the outer fibre deriving
from rolling the laminate onto a drum for transportation, should be considered as a feature. In
fact only taking extreme care in the lay-up could produce a somewhat better result, although
still very poor and at an enormous cost in terms of time.
So the properties of the prepreg as supplied are not the nominal ones but they can even
differ from roll to roll in terms of thickness (one side of the roll could be thicker then the other),
of fibre-resin percentage and of fibres straightness. All these issues strengthen when dealing
with the manufactured piece: these characteristics will also be present in the workpiece but
they will differ from the ones of the as-supplied laminate; for instance the blank pieces are
thicker than the worked ones. Moreover deriving from an eventual resin leakage, an increase in
percentage of fibres is likely to happen, more for a thermoset composite. Whereas in the case
of thermoplastic composites, another issue is the occurrence of residual stress that can cause
for instance a curvature in the final product. This phenomenon is defined by Parlevliet [14] as
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“a stress that persists in a material that is free of external forces or temperature gradients” and
in particular, for thermoplastic due to the necessity of heating before forming, the focus is on
thermal stress which is defined as a residual stress introduced within a body resulting from a
change in temperature [14]. This issue is stronger for thicker laminates.
Together with this, it is difficult to identify what is meant by quality in the prepreg, at a
first glance a material with perfect characteristics could be considered to have a higher level of
quality and so better behaviour compared to one that present some initial imperfections. For
instance, taking in account fiber waviness, as a issue more likely to manifest on the supplied-
materia level, prior to any manufacturing procedure: a laminate that displays perfectly straight
and aligned fibre would be considered of better quality and better performance than one with
some initial fibre waviness; however the way it will behave varies with the required application,
e.g. [11] if the requirement is to reduce moulding distortion, a material which gives rise to lower
through thickness stress gradients might be preferable.
Likewise, the fact that the as-supplied prepreg shows some a priori imperfections, such as
in-plane waviness, could even be advantageous, as in this case the effect of forming the prepreg
around the radius is to sharpen the already existing waviness rather than initiating new fibre
misorientation. Initiating new, therefore more localized, fibre misorientation might be expected
to be more damaging to properties. Equally the variability in wavelength of the fibre waviness
tends top help avoid the formation of coherent wrinkles which might be more dangerous.
3.3 CETIM Taxonomy
The quality of composite products is vulnerable to the defects arisen during fabrication.
At an industrial level standardization has already taken place, defining a nomenclature for
defects occurring in aeronautical composites. An example of industrial taxonomy is shown in
Figure 3.3.
However, while for aeronautical purposes both materials and process should be excellent and
flawless,resulting in evaluations and studies done on very high quality pieces, in the automobile
field this is not possible. Car manufacturing is based on medium or large batch production, thus
requiring short fabrication times and cheaper, but still acceptably-behaving materials. Thus
defects tolerance analysis must focus more on estimating and defining an acceptable level for
major defects.
Drawing inspiration from the aforementioned aerospace effort, CETIM has developed a
framework to evaluate the risks connected to each defect, as visible in the Table shown in
Figure 3.2. This classification also traces the origin of the defect to determine whether or not
it can be corrected by manufacturing.
With this in mind, it is very important to classify defects in terms of:
• frequency
• detectability
• harmfulness
It is then necessary to proceed with a classification of the defects that could be considered more
dangerous with regard to the above listed factors and that could not be solved by improvements
in fabrication.
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Figure 3.2: List of encountered defects, in yellow the defects considered critical by CETIM.
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The first column in Table 3.2 distinguishes between those defects that can be corrected by
improvements in production procedures (value: 0) and those which are always present (value:
1). Since the total is obtained by multiplying the values in rows, only this second group is
taken into account (as explained earlier). Defects totalling over 12 need further analysis due to
their high frequency, low detectability and high potential harmfulness.
After analysis, defects are accepted or rejected depending on the degradation of mechanical
properties they bring about.
As contained in the table, the defects that need to be deeply analysed are:
• Porosity
• Fiber misalignment both in-plane and out of plane
• Ply misalignment
• Ply drop
• Cut ply
• Delamination
For these issues it is necessary to define an acceptance level, as done in the next chapter.
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Figure 3.3: Taxonomy of defect states in composite part [11]
Chapter 4
Types of defects and their influence on
mechanical behaviour
4.1 Porosity
Porosity is one of the main causes of degradation of the laminate, and is a critical factor affecting
the mechanical performance and the behaviour of the element.
It consists in the generation of voids in the matrix due to many factors, usually sub-optimal
forming parameters such as duration, pressure and temperature.
In composites with a TS matrix, 75 % of the pores are located in the areas of pure resin.
In TP matrix composites, instead, porosity is mainly located in the heart of the strands. This
difference is due to the higher viscosity of the thermoplastic matrix. In fact capillary forces
are lower than the viscosity drag making it difficult for the resin to impregnate the inside of
strands.
Figure 4.1: Macro Porosity
Here an example of a macro-void is shown (Figure 4.1), even though it is more common to
have a distributed presence of smaller voids, that can go up to 10%.
Even if it is possible to reduce the presence of porosity by improving manufacturing quality,
it is impossible to lower the percentage under a certain limit value. Besides, it is expensive to
reduce the percentage of voids after a certain value. It is then necessary to estimate an ac-
ceptable value of porosity compromising between degradation of properties and manufacturing
cost.
Another example of porosity is shown below (Figure 4.2); along with other easily identifiable
problems that need to be highlighted. First, there is a defect of the surface and in thickness.
Secondly and more importantly, there is evidence of non-impregnation of the fibres. This can
19
20CHAPTER 4. TYPES OF DEFECTS AND THEIR INFLUENCE ONMECHANICAL BEHAVIOUR
also be accounted for as porosity. In fact there are detectable spots where there is only matrix
and spots where there are conglomerates of fibres without matrix. Due to the fact that the
matrix is used to transfer load but has poor strength properties, in the resin-rich zones the
material is weak, whereas in the resin-depleted ones the composite is not behaving properly
since the only possibility of transferring load is by the weak friction forces.
This is a stressed example because here it is noticeable that some preventable problems
have arisen during manufacturing. Moreover the material used is a particular one that will not
be taken in consideration for further analysis.
  
Figure 4.2: Porosity in the matrix [source CETIM]
Another example of porosity, now present on the surface, is visible in the third figure (Figure
4.3), where the upper fibres are bare due to the absence of resin. This image shows an example
of microporosity.
  
Figure 4.3: Surface porosity [source CETIM]
Lack of impregnation, as already stated, would be considered as a manufacturing defect
causing problems in transferring loads through a pack of fibre-less material and could also lead
to lack of adhesion of the different plies. This defect has to be considered and analysed as an
extreme example of porosity (Figure 4.4, 4.5 and 4.6 ).
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(a)
  
(b)
Figure 4.4: Lack of adhesion between fibres [source CETIM]
  
Figure 4.5: Lack of adhesion between plies [source CETIM]
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Figure 4.6: Lack of impregnation on the surface [source CETIM]
4.1.1 Origins of porosity
During composite components moulding process, voids can be formed by the nucleation of
volatiles dissolved in the resin. Control of resin during processing is necessary to inhibit va-
porization and subsequent void growth. For components with complex geometry, controlling
temperatures and pressures where curvature and thickness vary is subjected to mould tooling
design and so it is necessarily a matter of compromise.
In terms of porosity in composites, typical void sizes are in the range of 10− 100µm, while
the thickest section of a woven tow may be of a couple of millimeters across. A distinction
should thus be done in terms of behaviour related to the size of the voids.
For a stable manufacturing process, the largest voids are either preventable or detectable.
On the contrary, smaller voids are harder to control and can occur either within the resin
pockets or within the tows. Furthermore, it seems that their statistical distribution may vary
depending on the geometrical features of the piece and the manufacturing methods.
4.1.2 Detection procedure
Methods for determining void contents include:
• Density measurements
• Optical image analysis
• Ultrasonic attenuation
For thermoset matrix composites, it is possible to measure the degree of porosity by means of
a measure of density, or cut and polish or image analysis.
The main issue acknowledged is the need to represent not only the porosity percentage, but
also the void size, shape, distribution, and tendency to cluster.
Usually, most of the porosity measurements are undertaken using direct optical microscopy
or computed tomography measurement as a baseline for porosity level, then related to ul-
trasound attenuation. This enables a relatively fast non-destructive technique for evaluating
a component porosity. However, using C-scan process does not provide useful information
regarding void sizes, shapes or distribution.
4.1. POROSITY 23
Recently Wu et al. [17] have investigated the spectrum of wavelength attenuation from
which they were able to determine statistical information regarding void morphology.
4.1.3 Effects of porosity on material properties
Even when in low volumetric fraction, the presence of voids causes a significantive degradation
of material properties. It is then necessary to establish relations (possibly quantitative) between
volumetric quantity of voids and properties.
However if the volume fraction of voids alone is taken into account, the results are not
precise enough. In fact literature shows that the results obtained in term of degradation of
properties are qualitatively similar but quantitatively, the data is widely dispersed. As stated
in [16], for every 1% increase of volume fraction a 5-15% loss of inter-laminar shear strength
reduction is reported in different works. Such discrepancy is related to a variation of defects of
the microstructure not captured by empirical approaches.
For a proper property prediction model it is imperative to account for void content as a
characteristic as well as for microstructure.
The common interpretation of voids is that of regions where the laminates has been taken
out and has been replaced by empty air pockets. This interpretation allows to treat voids as
inclusions. This way of modeling results in a predicted modulus percentage reduction similar
for both fibre and transverse direction. However, experimental data shows that reduction of
modulus is much smaller in the former case when compared with this model.
To explain this problem, it should be noted that the process of void formation is more
similar to balloon inflation instead, since all fibres remain continuous and are just displaced
and packed together due to the presence of the void. Therefore, the laminates retain almost all
of its stiffness in the fibre direction.
24CHAPTER 4. TYPES OF DEFECTS AND THEIR INFLUENCE ONMECHANICAL BEHAVIOUR
4.2 Fibre misalignment
Fibre reinforced composites, made up by unidirectional laminae, are susceptible of material
imperfections resulting from waviness of the fibres. Fibre undulation manifests itself in various
and diversified modes: waviness can either be global or localized, and the undulation can be
both in-plane and out-of-plane (see Figure 4.7).
In any case, fibre waviness has a strong effect on the properties of the composites, whose
degree depends on the amplitude to wavelength ratio as well as on the extent of the the wavy
fibre region.
In-plane waviness involves the undulation of fibres in the plane of the laminate, while out-
  
(a) Waviness both in-plane and out of plane
  
(b) Out of plane wrinkles in a PEEK carbon reinforced
composite
Figure 4.7: In-plane and out-of-plane fibre misalignment
of-plane waviness is related to the undulation of multiple plies through the thickness of the
laminates. Out-of-plane waviness is usually found to be less severe than in-plane [22].
The effect of waviness is enhanced if the wrinkled fibres are organized in a coherent struc-
ture, to the point of triggering a defect state. This is more likely to happen in stacks of prepreg
formed together than in the case of ply by ply lay up.
As seen before, both in plane and out of plane wrinkling can either be a defect deriving
from poor manufacturing procedure, or a feature deriving from the chosen design procedure.
4.2.1 Origins of fibre waviness
Waviness as a feature can stem from the necessity to produce complex geometries, i.e single or
double curvature pieces, causing fibre misalignment both in and out of plane. Therefore this
issue should not be seen as a defect but as a result of mapping and draping across a curved
surface (Figure 4.8).
Another factor to be considered, as previously explained, is the as-supplied in-plane fibre
misalignment of the prepreg, caused by rolling the laminate onto a drum or even by thermal
residual stress [15]. The excess path length between inner and outer surfaces results in wrin-
kling or in-plane waviness of the reinforcement.
In the hypothesis of assuming the wrinkles of uniform sinusoidal form, knowing the thichkess
of the laminate and the radius of curvature of the prepreg drum, it is simple to compute the
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(a)
  
(b)
Figure 4.8: Practical examples of draping [source CETIM]
excess of length and the maximum misaligment angle, as showed in the Figure 4.9.
(a) (b)
Figure 4.9: Maximum misalignement angle [12]
For a 300 mm diameter drum and a 0.25 mm thick prepreg wrapped around it the path length
of the outside surface of the prepreg is 0.167% longer than that of the inside surface. To
accommodate this path difference the fibres on the inside surface must buckle to form wrinkles.
If we assume that the wrinkles are in the form of a sine wave it is a simple matter to calculate
the dimensions numerically: for an excess length of 0.167% a characteristic maximum angle of
4.70◦ derives [11].
In this last case, the issue is not connected to the eventuality to directly affect the thickness
of the ply in terms of bringing the thickness out of tolerance: even if high level of misalignment
are assumed, the excess path length is small in absolute value.
Usually when fibre waviness occours, the mean orientation of the fibres remains parallel to
the desired direction but fibres display some periodic curvature, frequently modeled as sinu-
soidal.
As observed in [12], when the fibre waviness is already present on the prepreg, there is no
overall coherence in the wrinkles from ply to ply. In this case, it is possible to assume that the
laminate as a whole behaves as if it had a different lay-up. For instance, supposing a 10mm
radius of curvature, the laminate behaves as if it had a ±18◦ lay-up, resulting in an obvious loss
of stiffness. For more typical quasi-isothropic laminates, for instance 0◦ 90◦ ±45◦, the global
26CHAPTER 4. TYPES OF DEFECTS AND THEIR INFLUENCE ONMECHANICAL BEHAVIOUR
stiffness is almost unaltered.
The effect of a relatively large amount of wrinkled fibres on the global in-plane stiffness appears
to be relatively small, unless the basic lay-up has a strong preferred alignment direction.
The effect of fibre wrinkling is more severe in terms of compressive strength for a UD lami-
nate; the assumption that the laminates behave as ±18◦ degree lay up would produce a very
significative knock-down in properties: the assumption of a 0± 18◦ leads to a loss in predicted
compression strength of 15-30 %.
  
(a) UD: misalignment toward the corner
  
(b) Tow rotation due to draping [11]
Figure 4.10: Change in the fibre alignment
The Figure 4.10 above show an example of change in the fibres alignment. In the first image
it is possible to see a unidirectional plate. In the center the fibres are perfectly aligned, while
misalignment appears towards the borders due to a loss of lateral maintain (in this particular
case also a degradation of the matrix has arisen, as could be gathered by the browning on the
edge of the plate). The second image shows a rotation of the tow due to draping.
In terms of global response, misalignment deriving from out-of-plane curvature does not
have a great influence. As far as local response is concerned, however, wrinkling plays a
significant role in developing spring in angles in thin corner components. The phenomenon
known as spring-in is the change in included angle in corners of components [12]. The spring-in
distortion has several components:
• Thermoelastic distortion due to differences in in-plane and through-thickness expansion
coefficients. This is predicted with ease, although the presence of misalignments or resin
richness will lead to variability in the level of the distortion.
• Non-thermoelastic distortion due to effects such as post gelation resin shrinkage (which is
relatively easily measured or predicted), tool-part interactions or the impact of bridging
(which is much more difficult to measure or predict well).
4.2.2 Effects of fiber misalignment on material properties
To better understand what is meant by global waviness and localized waviness, an outline of
the work by Garnich and Karami has to be made [22, 23]. In their works, a FEM model is
done to calculate the loss in properties and the stress distribution deriving from the presence
of different amounts of wavy fibres i.e. from global to increasingly localized fibre waviness.
At first, a unit cell (Figure 4.11) modeling a single wavy fibre is created to further analyse
the effect of fibre misalignment. The global waviness behaviour is obtained by giving periodic
constraint to the unit cell.
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(a) Hexagonal packing of fibres within
the unit cell and the rectangular periodic
unit cell
(b) 3D FE mesh of a straight fibre unit
Figure 4.11: Representation of a single unit cell for modeling fibre waviness [22]
If the objective is to develop a model with localized fibre waviness, the simplest case is to
add layers of straight fibres to a layer of wavy material so that the undulations extend only in
two dimensions within the plane of waviness. Afterwards, the two dimensional extent of fibre
waviness can be limited to study increasingly localized conditions of fibre waviness i.e. waviness
is abruptly interrupted in one, two or even in all three directions. See Figure 4.12.
The result obtained by Garnich and Karami for fixed amplitude-to-wavelength ratio (set
at 0.04) and changing from global to different levels of localization show that the maximum
predicted strength reduction is over 80% for models with continuous fibre waviness in both di-
rections transverse to nominal fibre directions; whereas, when the waviness is localized in both
transverse directions, the predicted strength reduction are in the order of 15%. Other models
with fibre waviness continuous in only one of the two transverse directions predict intermediate
strength reduction. The predicted reductions in strength parallel the reductions in effective
longitudinal modulus in the wavy regions.
Whenever such fibre waviness is ignored in structural analysis, and ideal properties asso-
ciated with straight fibre material are thus assumed, results are not conservative because in
reality, stiffness and strength are lower than predicted by straight fibre models. As already
stated, fibre misalignments affect the stiffness of the laminates under compressive and tensile
loads causing loss of strength.
Another factor that affects the performances is the intensity of wrinkling: strength can
reduce up to 50% in compression and 70% in tension for the most intense wrinkles [11].
The resulting loss in properties due to fibre misalignments is major when considering unidi-
rectional laminates; it is necessary then to focus also in the decrease of performances that can be
seen in cross plies or quasi-isothropic, which are more commonly used in practical applications.
4.2.3 Effects of out-of-plane layer waviness on compression strength
for cross ply laminates
Layer waviness as manufacturing defect, characterized by out-of-plane undulation of a group
of layer within a multidirectional laminate, is most commonly observed in thick composite
laminates. Under compression loading, this defect significantly reduces compression strength.
Many experiments have been carried out in order to characterize the reduction of compres-
sive strength in multiple-layer regions, e.g. Adams and Bell [18] experimentally inspect the
effects of out-of-plane layer waviness on compression strength for cross ply laminates.
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(a) Periodic microstructure where all fibres
have a uniform sinusoidal waviness.
(b) Sinusoidal fibre waviness extending con-
tinuously in the transverse (2 and 3) direc-
tions but terminated at one wavelength in the
longitudinal direction.
(c) Sinusoidal fibre waviness transitioned to
and embedded within a straight fibre region.
The amplitude is increasing linearly from zero
to its maximum (Amax) at the center while
the wavelength is constant.
(d) fibre waviness localized within the plane of
waviness. fibre waviness continues in direction
3. In the 2-direction there is a linear variation
in wave amplitude as indicated.
Figure 4.12: Overview of different levels of localized waviness [22]
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It is possible to introduce induced fibre misalignment during the manufacturing process.
Besides, local induced misalignment is easier to control as a parameter (compared to porosity
for instance).
In this particular case the intention is to define the compression strength reduction associ-
ated with specific fractions of wavy 0◦ layer. For this purpose 0◦ − 90◦ laminates are used; the
average compression strength is obtained using a laminate with five 0◦ layers and from this the
value for 4, 6 and 7 0◦ layer is calculated. The results are obtained in terms of wave fraction
fw, wave severity δ/λ (where δ is the semi-amplitude of the sine wave and λ is the wavelength),
strength and strength ratio fs(strength normalized by means of average value for the wave-free
laminate).
The results are that strength reduction varies between a minimum of 7% to a maximum of
43%.
Since the 0◦ layers dominate the load-carrying capacity of cross ply laminates, one could
calculate the compression strength of the laminate when the load carrying capability of wavy 0◦
layers is zero. Thus fw gives a first estimate of strength reduction. Considering a δ/λ > 0.070
the strength prediction given by fw are accurate for wave fractions lower than 33% of layer
waviness, but it strongly underpredicts fs for greater wave fractions, and overpredicts compres-
sion strength for fw < 0.2 [18] as shown in Figure 4.13. So the prediction fs = fw appears to
be acceptable only under limited conditions.
  
Figure 4.13: Compression strenght vs. wavy 0◦ layer fraction [18]
4.3 Ply Misalignement
Ply misalignment occurs when one or more of the plies do not have the nominal orientation
chose in the design phase. This defect may possibly be ranked as belonging to the category of
fibre misalignments; however while fibre misalignment is a fairly localized issue due not only
to mistakes in manufacturing but also deriving from the design procedures, ply misalignment
lays on a more global level, due to the fact that it involves disorientation of one or more entire
plies. For this reason it should be assessed as a defect and by no means as a feature.
For a preliminary analysis of the effects of ply misalignment, the theory of plates can be
used to estimate the percentage loss in modulus due to errors in plies orientation. This theory
also enables the calculation of stress and strain distribution.
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Using this tool it has been possible to me to develope a MatLab model, both for calculating
stress and strain and also for compute the reduction experienced by Young modulus E with
different fibres direction i.e. due to an error in plies orientation occurred during manufacturing
procedures, as shown in Figure 4.14.
  
Figure 4.14: Change in modulus with a angular ply orientation
Composites plate theory formulation
For the implementation of the numerical code, the application to composite plates of the
Kirchhoff-Love theory (CLT, Classical Laminate Theory) has been fundamental. In the fol-
lowing, the used formulas are reported.
In the plane stress hypothesis, which means:
σ33 = σ13 = σ23
13 = 23 = 0
33 =
1
E3
(−ν31σ13 − ν32σ22)
the material behaviour con be expressed in a reduced form as follows:
m = K
−1
m σm =
 1122
212
 =

1
E1
ν12
E1
0
ν21
E2
1
E2
...
0 0
1
G12

 σ11σ22
2σ12

Defining two coordinates system: a global one (x,y,z ) relative to the composite plate as
a whole and a local one (1,2,3 ) relative to the material (1-axis in the direction of the fibers,
2 and 3 in the in-plane and out-of-plane transverse directions). An matrix rotation can be
defined to make possible to compute stress and strain in both reference systems. Calling θ the
angle between x-axis and 1-axis, is then possible to define a matrix T relative to the rotation:
T =
 c2 s2 css2 c2 −cs
−2cs 2cs c2 − s2

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where c = cos θ and s = sin θ necessary to pass from σm and m (stress and strain on material
coordinates) to σp and p (stress and strain on plate coordinates). From this it is possible to
obtain the behaviour in global coordinates.
σp = Kpp
The kinematic hypothesis for the Classical Laminate Theory enables the definition of the dis-
placement field
u(x,y,z) = u0(x,y)− zw0(x,y)
v(x,y,z) = v0(x,y)− zw0(x,y)
w(x,y,z) = w0(x,y)
and combining the above equations with compatibility equations, the generalized strain
components are obtained.
 xxyy
2xy
 =

∂u0
∂x
∂v0
∂y
∂u0
∂y
+
∂v0
∂x
+ z

−∂
2w0
∂x2
−∂
2w0
∂y2
−2∂
2w0
∂xy
 = γ + zχ
To define the composite plate constitutive behaviour, the energy principle can be used, this
results in [
N
M
]
=
[
A B
B D
] [
γ
χ
]
where A, B, D derives from
N =
n∑
k=1
∫ hk+1
hk
Kp dz +
n∑
k=1
∫ hk+1
hk
zKp dz = Aγ +Bχ
M =
n∑
k=1
∫ hk+1
hk
zKp dz +
n∑
k=1
∫ hk+1
hk
z2Kp dz = Bγ +Dχ
having integrated through the thickness of each ply and summed for all the layers that compose
the plate.
For the calculation, it is needed to derive the Young modulus E in order to deduce its
decrease as an angular disorientation manifests. Since only load in the x direction is applied
(e.g. modeling of a tensile test) it is possible to write:
A−1
Nx0
0
 =
 γxγy
γxy

Calling ht the thickness of the entire plate, it is possible to write
σx = Exx
as
Nx
ht
= Exγx
From the above mathematical manipulations, a implementable formula for the modulus E is
obtained, though for a simplified loading condition.
Ex =
1
htA−1(1, 1)
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4.3.1 Realization of a code for computing the relative change in
modulus due to errors in plies orientation
For the purpose of analysing ply misorientation, using composite plate theory I have computed
the change in modulus due to a variation of plies’ orientation.
The code calculates the curve σx − x (where σx = FS is the force per unit area applied for
instance during experimental testing) and so the modulus E for various ply orientation.
The calculation considers both the case of a unidirectional (UD) and of a [0 90] cross-ply
laminate and takes into account a misalignment of the ply of ±5◦ considered for all the plies.
The case of a cross-ply laminate and an error in fibres angle of 5◦ is considered first, obtaining
a computed modulus loss around 6% (see Figure 4.15). Considering the experimental data
  
Figure 4.15: Relative change in modulus with a 5◦ error in plies orientation for a [0 90] laminate
obtained at CETIM by Le Calvez [4], relative to nominally perfect plates, a maximum deviation
in modulus values of 5% is shown for various specimen taken from cross-ply laminates both
manufactured in loco and provided by the supplier. The obtained value is comparable and a
bit inferior to the one obtained considering plate theory. (Pg. 54-56 [4]).
In the case of a unidirectional 0◦, the error due to a 5◦ misalignment is around 12% from
the MatLab program. The corresponding experimental values variability for E is a bit lower:
for a 9 plies 0◦ UD the maximum variability is 9.5% (see Figure 4.16) as reported in pg. 48-50 [4].
What derives from the comparison between the experimental data and the computational
model is that the effect of defects arising from manufacturing procedures is detectable and
distinguishable from the intrinsic variabilities always present in laminates. Thus further exper-
imental tests carried on these specimens could enable to detect the presence of defect, whereas if
the percentage variability of the material properties would have been higher, by no means tests
would have led to the possibility of correlating the behaviour of the specimen to the inherent
defects.
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Figure 4.16: Relative change in modulus with a 5◦ error in plies orientation for a [0 0] laminate
Application of the above calculation to the case outlined by Potter
As outlined by Potter [11], when dealing with fibre misalignment in as-supplied prepreg, it
is possible to treat the behaviour of the laminate as if a ply misalignment has occured. In
particular, it is found that the laminate behaves as if it had a ±18◦ alignment instead of the
expected 0◦.
By means of the aforementioned computation model, it is possible to calculate the drop in
modulus E due to this particular value of angular disorientation.
For a UD laminate, the maximum percentage loss in modulus goes up to 60%. While for
a cross-ply the loss is below 45% and even lower for a quasi-isotropic, below 37% when all the
plies have a ±18◦ error in fibre direction. As it is reported in [11] and is also visible from the
calculation (see Figure 4.17), the more preferred the alignment of the laminate, the stronger
the decrease in properties. So the resulting loss in performances due to a ±18◦ misalignment
is higher for a UD laminate than for a cross-ply or a quasi-isotropic one.
34CHAPTER 4. TYPES OF DEFECTS AND THEIR INFLUENCE ONMECHANICAL BEHAVIOUR
(a) case of a UD laminate
(b) case of a cross-ply laminate
Figure 4.17: Relative change in modulus with a 18◦ error in plies orientation
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4.4 Ply drop
When a discontinuity in the geometry of the structure arises, ply drops are encountered e.g. for
creating local doublers or varying the thickness between two different zones or similar features.
Focusing for instance on the necessity of ending a structure, a ply drop is needed. The ideal
way of closing the laminate (A or B) is impossible to obtain, if manufactured with extreme
care under laboratory conditions by well trained and experienced staff, the geometry could just
closely approximate the one expected. Referring to Figure 4.4, chamfering (A), as a metod
for ending a laminate, has been demonstrated to lead to more delamination resistant runouts
compare to the one with straight cut ends (B), however it is not normal practice. In real
components these levels or perfection are seldom met and the common defects are the ones
shown in (C).
  
Figure 4.18: Ply drop [28]
Indeed, even if manufactured perfectly, ply drops introduce some issues in laminated com-
posite structures, in particular produce internal and local strain concentrations as a consequence
of the geometric discontinuities and shear lag. Stress concentrations then cause a crack to form
and propagate along the layer that forms the ply drop. In the study carried by Cairns et al.
[28] the effects of different typologies of ply drops on laminates of various types and thicknesses
is studied in terms of initiation (i.e. static tests to determine the critical load for delamination
initiation) and growth of delaminations.
The interesting factor reported in [28] is connected to the presence of an attempt to simulate
a potential manufacturing situation of a non-perfectly-manufactured ply drop: in particular,
instead of interrupting just one ply, two plies are dropped at a single location instead of one,
to simulate the presence of a defect.
From the comparison of the two cases (one ply dropped or two dropped plies on two lami-
nates with the same characteristics and thicknesses), the obvious result is that this configuration
behaved poorly compared with its single ply drop counterpart. During testing , the resin rich
area ahead of the ply drop tends to fragment during fatigue test. The conclusion of the tests
show that obviously that an external double ply drop delaminated more easily than a single
external ply drop. The reasons could be seen in a higher critical strain energy release rate and
also in the increased bending moment created by the eccentricity of having two layers creating
the ply drop together with a larger dropped area.
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4.5 Cut Ply
Cut ply is a feature that is present whenever a laminate is interrupted (e.g. end of the prepreg
drum before the end of the piece, errors in cutting the laminate (see Figure 4.19)) and this
leads to a decohesion of the two parts resulting in less load transmission capability due to
interruption in fibres.
In the case of fibre interruption, there is also an interruption in carrying the loads, in fact
the interruption of the fibre means drop in load carrying, because the load is transmitted only
by friction. When cut ply is encountered, it is necessary to account as if one continuous has
became two different fibres. In terms of stress, this means that there is a certain length for each
fibre in which the load is not transmitted properly, i.e. a loading zones, in which the stress are
different from what is expected.
Different is the case if the two plies are not connected edge to edge but are piled one over
the other, in this case it is possible to partially regain coherence of the whole structure after
simply merging the matrix, by the fact that the two loading zone can be superposed, reducing
the zone in which the load carrying capability is not proper.
Cut plies behave as cut, a delamination, and it is better to be avoided in stressed zones.
  
Figure 4.19: Cutted ply [source CETIM]
Chapter 5
Characterisation of defects: the inverse
approach
Once the defects have been classified, their impact should be evaluated. It is necessary to
decide if the manufactured product can be considered satisfactory also when flaws are present
or if the drop in quality is too strong and the performances of the elements are affected in an
unacceptable way. To decide for the acceptance or the rejection of a part, it is first necessary
to correlate the defects with the loss in performance they cause.
A first idea could be to inspect the quality of some samples to track the typologies and the
extents of the defects and then proceed with an evaluation of the properties of the piece and
the drop resulting from the defects that are known to be present.
However this procedure is not applicable for the current work since non-destructive inspect-
ing procedures such as ultrasound scanning are not sufficient for understanding the type and
intensity of the defect.
For instance in Figure 5.1, the results of a C-scanning on a typical specimen (a plate of
2 mm) are shown. Due to the limits intrinsic of a technique such as ultrasound scanning and
the limited thickness of the samples, it is not possible to extract more informations than which
zones are flawed and which on the contrary are good (respectively in red and green in Fig.5.1).
Thus a different approach is needed.
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(a) (b)
(c) (d)
(e) (f)
(g)
Figure 5.1: Results from C-scan analysis
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The idea is then to correlate the performances of the piece and its defect reversing the
approach.
The inverse approach consists in trying to evaluate the defect that affects a specimen from
the performances of the piece when it is compared to a non-defective one.
For a preliminar inspection of this approach, in order to check if it feasible, a defect should be
selected between the one which have been classified as affecting manufactured piece. Once the
defect is selected from the list, both defective and non-defective plates should be manufactured
to be experimentally tested to obtain their performances.
5.1 The choice of the defect
Since the presence of a defect alters the performance of the piece, the inverse procedure has
the intent of inferring the defect present from the deviation of performances of the sample that
present that very defect from the perfect case.
To proceed it is necessary to focus on a single type of defect which should be representative.
Between the defects studied in the previous chapter, we have selected one: fibre waviness. For
understanding the reason of the choice, a small recapitulation is undertaken.
1. Porosity: presence of voids inside the structure.
2.
Fibre misalignment: undulations of the fibres both
in-plane and out-of-plane.
  
3. Ply misalignment: wrong orientation of an entire ply.
  
4.
Ply drop: issue connected with discontinuities of the
piece and therefore the necessity to interrupt the layers
(the ideal ending is never achievable thus an abatement
of performances always results in the real case).   
5.
Cut ply: the ply is abruptely interrupted, therefore
there is no connection between the fibres which lose car-
rying capability.
  
Out of the above list, porosity, at the beginning one of the favoured due to its problematic
and its strong impact on performances, has been excluded since the introduction of a simple ad-
justment during manufacturing (a string that would prevent the resin from spreading) brought
the level of porosity from 8-15% of the first pieces to a level < 2%. Ply misalignment, ply drop
and cut ply, genuine defects (they derive from wrong manufacturing) can be visually tracked,
making it possible straight away to decide for the acceptance or the rejection.
Hence, the choice fell on fibre misalignment. This is a feature typical of production of long
fibres elements thus unavoidable no matter the care put in the manufacturing. More specifically,
undulation of a set of fibres is considered responsible for a drop in resistance since the carrying
capability is entrusted uniquely on the fibres (while the matrix has the fundamental function
of joining together the structural elements). In addition, lately CETIM began the production
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of automotive components finding out that undulation is an issue commonly affecting also car
structural parts.
Once the choice has been done, the selection of the testing procedure follows.
For fibre waviness (and defects in general) the widest amount of informations can be obtained
via tests in compression. In fact it is general knowledge that the presence of an imperfection
has a consequence on the behaviour at instability. Undulation of fibre makes no exception,
indeed as a matter of fact, fibre waviness is more likely to cause a deep fall in compression
strength and low effects on tensile behaviour.
5.2 The approach in practice
Once the defect and the testing procedure have been selected respectively fibre waviness and
compression (buckling), the work proceeds in two direction: a numerical approach and a testing
approach.
The numerical approach consists in a finite element (FE) analysis carried out via Abaqus. In
this context some models which present a characteristic flaw are inspected in terms of buckling
behaviour. In particular the defects chosen for an overview are:
1. a macro curvature of the whole specimen outside its plane
2. a variation in thickness of different areas of the specimen
3. a curvature of the fibres of the plies adjacent to the surface
.
Then the experimental approach follows. In order to inspect the effect on the real buckling
behaviour of a defective product, two types of plates have been manufactured: one of nominally
perfect quality and one in which the chosen defect (an undulation of the fibres in their plane)
is induced.
It is evident that the experimental approach present a certain degree of difficulties. First
of all, in both the typologies of plates manufactured, the nominal properties will be different
from the real and there is no certainty about the presence of flaws that can exceed in the effects
those induced. Interest is set in checking whether different trends can be detached for plates
with and without defects, albeit we have no certanities whetehr the induced defect rises from
the pile of imperfections inherent in the manufacturing process.
The possibility to distinguish between flawed and flawless specimens would mean a validation
of the inverse method just outlined.
Before proceeding with the numerical and experimental approach, it is necessary to do a
small overview on theory of instability, to better evaluate the performances of a piece when a
flaw is present.
Chapter 6
A short overview of the theory of
buckling
The theories introduced when dealing with structural stability problems are of three types: first
order, linearised small deflection and large deflection.
By first order theory are defined all the cases in which the equilibrium conditions are for-
mulated on the basis of the initial undeformed shape which result in a linear theory. For
what concerns buckling, this type of description lacks of interest: in the presence of a tip load,
the only two conditions prescribed by this theory would be either nothing happening or the
breaking of the piece.
More of interest for describing instability is when the equilibrium is formulated in the
deformed shape. The leading non-linear terms are then taken into account. In this case,
deviation from the perfect condition could be analysed, for instance it is possible to evaluate
the situation in which a curvature of the centreline is present or eventual eccentricities or
lateral asymmetric loads. When dealing with second order theory limited to small deflections,
a linearisation is undertaken, this means that the analysis is restricted only to the first mode
as it is the one that has the strongest influence. The procedure of linearisation leads to an
increased relevance of the results when the theory is confined to imperfections (geometric, in
our case, or even of load ...) of small entity.
As the magnitude of the deflection increases, the linearised second order theory becomes
inadequate, it is then necessary to introduce a more generalised theory that is the large deflec-
tion theory. This theory is at the basis of numerical analysis: in fact a generalized nonlinear
study makes it possible to model also the case of large deflections. Thus, finite elements FE
computation, if the model is sufficiently precise, simulate with accuracy what would be the real
behaviour of the specimen in practical cases.
6.1 Linearised small deflection second order theory
As stated in [31], the simplest and clearest case of structural stability is that of a sufficiently
slender column subjected to an axial compressive load, which is expected to fail not for the
crushing of the material but due to a deflection to the side. The purpose of the analysis is to
determine the critical loads: loads for which deflected equilibrium positions are possible.
Later, the case of general end-support can also be considered, together with elastic restraints
and the unavoidable presence of imperfections. Such imperfections, even when very subtle,
create large destructive deflections close to the critical load and, ultimately, failure.
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6.1.1 Bifurcation analisys
Let us consider, as the the configuration to solve, a pin-ended beam subjected to compressive
load. The beam presents no geometrical imperfection, perfect end-supports and no eccentricity
in the load or additional forces and moments, it is thus a perfect structure.
P	  P	  
p	  
w	  x	  
z	  
l	  
Figure 6.1: Euler column under an imposed axial load [31]
The Euler Bernoulli’s theory is in really good agreement to the exact solution in the case of
slender beams. This approximation treats the cross section as if it was plane and orthogonal to
the beam axis, and neglects the transverse normal stresses. Under this hypothesis the bending
equilibrium is obtained:
M = −Pw
where as shown in Figure6.1:
P is the concentrated tip load, a compressive load
w is the deflection of the beam of length l in the z direction
EI is the bending rigidity (E = Young modulus and I = moment of inertia).
This equality is the classical bending theory with an additional term −Pw deriving from
the calculation of the equilibrium on the deflected geometry.
When the tip load increases, the situation goes towards an unstable equilibrium.
Lets introduce the behaviour of the beam with the equation:
EIw′′ = M
Combining the equalities above, an ordinary differential equation is obtained:
w′′ + k2w = 0
where k2 = P
EI
.
Imposing the boundary condition of simple support, w(x = 0, l) = 0, an eigenvalue problem
remains determined. Assuming P = cost and EI = cost, a simple solution to the eigenvalue
problem is permitted:
w = A sin(kx) +B cos(kx)
and imposing the boundary conditions
B = 0, A sin kl = 0
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. it is possible to observe that the last condition allows a non-zero deflection for P > 0 only for
kl = pi, 2pi, ..., npi, which substituting k2 in the equality yields to:
Pcrn =
n2pi2
l2
EI
which is the value of the load for which a non-zero deflection of the column is possible. The
corresponding possible deflection relative to the n-th critical load is
w = qn sin
npix
l
where qn is an arbitrary constant, which means that the amplitude qn of the deformed shape is
undetermined.
It is then easily seen that at Pcrn the solution is not unique anymore. The uniqueness of the
solution has been demonstrated in case of linear elastic problems where the balance is drawn
up on the undeformed configuration of the structure, and it is here lost since in our current
calculation of the bending moments the equilibrium is formulated on the deformed shape.
The equations above suggest that the undeformed shape is always a equilibrium configura-
tion for all loads. At critical load, also adjacent equilibrium states are possible, and are called
deflected shapes.
Figure 6.2: Neutral equilibrium at critical load [31]
Similarly, the critical stress is defined as
σE = pi
2E
(ρ
l
)2
where ρ is the radius of gyration of the cross section ρ2A = I and
(
l
ρ
)
is the slenderness ratio
which is a nondimensional parameter for the buckling behaviour of the column.
As the slenderness ratio decreases, the beam tends to fail due to crushing before the insta-
bility can arise; in particular, buckling only occurs for columns whose slenderness ratio is over
a certain minimum value l
ρ
= pi
√
E
σy
(where by σy the yield stress is meant).
The first critical load
PE = Pcr1 =
pi2
l2
EI
is the so-called Euler load. Actually this is the failure load only for a perfect elastic column. For
the present purpose, we should advance on in defining the buckling behaviour of an imperfect
column.
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6.1.2 Imperfect column
The column studied until now is an idealized model. In reality several kind of unavoidable
imperfections must be considered.
Figure 6.3: Initial curvature as beam imperfection [31]
In the first image in Figure 6.3, the unloaded beam is represented; the beam taken into
account has an initial imperfection, i.e. a geometrical curvature, whose intensity is denoted by
z0(x). When the structure is charged, as in the second image, the deflection w is acting over an
already deformed shape; in contrast with the previous case w does not define the final deformed
state, which instead is z = w + z0, but just the deflection from the initially curved center line.
The initial imperfections could be of many types, such as an eccentric load or an additional
force; if an initial curvature (crookedness) is considered for the analysis, the bending moment
introduced by a change in curvature is M = EIw′′ = EI(z′′ − z′′0 ) = −Pz. This leads to the
bending equation below:
z′′ + k2z = z′′0
with z(0) = z(l) = 0.
Due to the possible deformed shapes of the beam and the boundary conditions, z and z0
could be developed as Fourier sine series. Assuming k = const (P and EI constant), and
proceeding with the aforementioned Fourier series expansion:
z′′0 (x) =
∞∑
n=1
Q0n sin
npix
l
where the Fourier coefficient Q0n = 2
∫ l
0
z′′0 (x) sin
(
npix
l
)
dx
l
Likewise it is possible to seek the solution in terms of series of sines
z(x) =
∞∑
n=1
qn sin
npix
l
and
qn = 2
∫ l
0
z(x) sin
npix
l
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From the first equation z′′+ P
EI
z = z′′0 , substituting the previous expression (keeping in mind
that Pcrn =
n2pi2
l2
EI) and knowing that it must hold for every x and that sin(npix
l
) form a base:
qn =
Q0n
P − n2PE =
q0n
1− P
Pcrn
where q0n = − Q0nn2PE .
Figure 6.4: Behaviour of a column with initial curvature given by a first sinusoidal component
[31]
In Figure 6.4, load P versus maximum deflection w, where the displacement w = z − z0
can be used with regard to the initial undeflected but axially deformed shape, is plotted for
various values of q01 of the initial imperfection. In this case only the first sinusoidal component
is considered.
As q01 goes to zero, the diagram asymptotically approaches that of a perfect column with
a bifurcation point at the first critical load. However it always applies q01 , Q01 6= 0 since small
imperfections of the most general type can never be excluded.
As P tends to Pcr, the deflection w tends to infinity, then the column must fail at the first
critical load Pcr1 , therefore values of P > Pcr1 can not be reached, and it is even impossible to
reach Pcr.
Let us consider a case where q01 is thought to be zero, even if the assumption that any
imperfection is exactly zero is physically unreasonable, then the dominant term becomes the
second q2 =
q02
1− P
4PE
and one might think that the column will not fail for P < 4PE = Pcr2 ,
however that is not true.
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Figure 6.5: Behaviour of a column with initial curvature given by a second sinusoidal component
[31]
It should be stated that imperfection analysis does not always yield the same value of
maximum load as the one calculated for a perfect beam with the bifurcation analysis. If for
instance lateral disturbing loads are large, the column material will fail before the critical load
is reached.
At P = PE = Pcr the solution of the homogeneous equation for the homogeneous boundary
condition may be superimposed, this indicates that at P = PE an arbitrary deflection becomes
possible and P < PE must be required to prevent.
The present analysis since linearised is limited to small deflections. To lift this assumption,
finite deflection theory must be used. As P approaches Pcr, the deflection simply becomes large
(w does not tend to infinity), usually unacceptably from a practical viewpoint.
Before proceeding with the large deflection theory, it is fundamental to highlight the im-
portance of the first critical load Pcr and define, within the framework of the linearised small
deflection theory for imperfect column, a useful tool to obtain it easily : the Southwell plot.
6.1.3 Southwell plot
Lets consider the deformed geometry z = z0+w of a beam under a compressive load P. Since the
initial imperfection z0 is difficult to measure, it is necessary to define a method for determining
the Pcr independently of z0.
Bearing this in mind, since the deflection w is easier to measure (e.g. practically aided by
a deflection gauge), the procedure of the evaluation of Pcr could involve the measurement of w
at different values of P close to Pcr.
In proceeding with this estimation, only the first Fourier Series component will be consid-
ered, meaning that for a geometrical imperfection the initial curvature is always distributed
according to a sinusoidal half wave.
Beginning from the expression given above:
z = z0 + w =
z0
1− P
Pcr
w = (z0 + w)
P
Pcr
w
P
=
1
Pcr
w +
z0
Pcr
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The last is in the form of the equation of a line in the w
P
− w plane. A line of slope 1
Pcr
and
z0
Pcr
intercept on w
P
-axis.
Z0
____
Pcr
Figure 6.6: Southwell plot for the evaluation of the critical load for imperfect columns [31]
Plotting w
P
vs w (measuring w and P ) produces a series of data points whose middle portion
is essentially straight except for the scatter measurement (straight regression by the least mean
square method is used).
Considering the dispersion of the data, the points normally deviate from the straight line
upwards (Fig. 6.6):
• on the lower left due to the fact that at small P
Pcr
higher harmonics have a non-neglegible
effect
• on the upper right caused by large deflections to which the equation does not apply
because it is limited to the linear small-deflection theory
This shows that, the smaller the imperfection, the longer the linear range and the better
the estimate of Pcr1 . If the imperfections are larger, Pcr1 will not be approached before the
deflection becomes large enough to either break the material os escape the small deflection
assumption.
The Southwell plot steps out as an extremely interesting tool for analysing the results and
relating z0 (an equivalent curvature of the beam), to the manufacturing defects.
6.1.4 Southwell plot algorithm for estimation of the parameters of
the fitting line by implementation of a Matlab code
The experimental data must clearly be arranged and organised in a load-displacement plot.
Together with it, a Southwell plot will be produced to define a trend in the stability equilibrium.
In fact, this plotting method includes a significant amount of information: the slope of the curve
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is related to the value of Pcr, and the intercept of the y-axis is connected to the imperfection
z0.
To acquire these informations, the results need to be appropriately rearranged. As already
stated, the w
P
− w plot follows a straight line in the central part (with an obvious unavoidable
scatter of the data) and it diverges in the upper and lower zones. This suggests the use of
least-square regression to obtain trustworthy results, once the extremal data, the ones which
tend to deviate from the linear trend, has been discarded. The fitting line produced enables
the evaluation of the critical load (the inverse of the slope of the line) and the maximum initial
imperfection (the ratio of the coefficients).
It is necessary to evaluate which points have to be considered for computing the fitting line
and which on the contrary is better to exclude. In order to render less subjective the choice of
the data point used to determine the line, an algorithm has been developed:
1 In the zone where the data display a substantially linear trend a starting point and an
range of values are chosen.
2 The fitting line is computed, using the starting point and the data points included in the
positive/negative range around it
3 Then the evaluation of the data outside the range is started, beginning from the data
points situated in the upper hand side and iterating for all these values on the right
a If the point considered keeps inside the tolerance interval, then it is joined to the
previous, included in the range, and together with the others is used to recalculate
the fitting line
b If the point is out of tolerance then it is excluded, the fitting line remains unchanged
and procedure is interrupted
4 Then the procedure considers the data on the left side and the calculation at step 3 is
repeated for these points, gradually approaching the origin
In this way an objective definition of the data points which represent the straight central
portion of the Southwell plot is made and it is possible to proceed to the estimation of the
critical load and the initial imperfection z0.
It is obvious that the value chosen for the tolerance is of primary importance since it means
either the acceptance or the rejection of a new point. The explanation of the procedure used
follows.
As the coefficients of the fit and the related error are determined, in correspondence of the
abscissa x¯ of the new point it is possible to predict:
• the estimated value of the fitting line relative to the abscissa yestim = aestim + bestimx¯
• the indetermination of that value syestim (due to the indetermination on the knowledge of
the parameters of the line)
• the confidence interval of yestim obtained multiplying syestim by a coefficient tp related to
the probability chosen for the interval, this is by default set at p = 95% but on the code
realized can be defined by the user.
The tolerance is thus assumed to be toll = tpsyestim .
Obviously, the more the scatter of the data around the fitting line, the higher the tolerance;
this is due to the fact that deviations from the trend are less acceptable.
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The procedure wants to be an aid to the choice of the point used to compute the fitting
line: it is necessary to grant the acceptability of the automatized choice by visually checking
the plots.
Since the implementation of the algorithm requests the use of fitting statistical procedures,
a concise overview on the procedure and the adopted formula is given in Appendix
6.2 Effect of the truncation to the first mode in the lin-
earised theory
Before switching to the use of the large deflection theory, which becomes necessary as soon as
the imperfection intensity approaches the characteristic dimensions of the problem, it could be
interesting to see the effect that neglecting all the modes except the first has on the linearised
small-deflection theory.
Often, for practical purposes, it is easier to use the linearised second order theory. In
particular, when proceeding with the post-processing of the results, the Southwell plot is a
worthwhile tool.
It is intrinsic in the limitation of the analysis to the first mode, that the results will be
accurate for all the problems which are characterized by small sized imperfection, indeed the
model which present wider defect would be approached in a less thorough way.
The purpose of the present section is therefore to compare, in graphical terms, what hap-
pens if some mode after the first are included. Aided by Matlab, I have considered different
initial geometries of an imperfect column and I have compared the results obtained considering
the complete initial imperfection with the ones gotten when the imperfection is downgraded to
an arc of sine (only first mode considered).
This linearised second-order theory of buckling, where only the first mode is taken in con-
sideration as to be the one influencing the most the critical load, is acceptable as long as defects
are small enough, as it only accounts for the prevailing effect of the first mode (as outlined by
[31]).
Let’s now take into account the Fourier expansion relative to a beam with an initial geo-
metrical imperfection, the Fourier coefficient relative to the deformation z of the beam:
qn =
q0n
1− P
Pcrn
and choosing a value of P near Pcr for instance
P
Pcr
= 0.95, it is found that the influence of
the initial geometrical imperfection q0n decreases as following modes are considered:
q1 = 20q01 q2 = 1.3115q02 q3 = 1.1180q03 q4 = 1.0631q04 q5 = 1.0395q05
q6 = 1.0271q06 q7 = 1.0198q07 q8 = 1.0151q08 q9 = 1.0119q09 q10 = 1.0096q010
it is easy to see that the first mode has the biggest influence on z(x).
However, it is necessary to understand what happens when the series is truncated to the
first mode and the value of imperfections increases. For this purpose, a simple example could
have an initial deformed shape given by:
i z01(x) = sinx
ii z02(x) = sin x+ sin 2x
50 CHAPTER 6. A SHORT OVERVIEW OF THE THEORY OF BUCKLING
iii z03(x) = sin x+ sin 2x+ sin 3x
iv z04(x) = sin x+ sin 2x+ sin 3x+ sin 4x
Afterwards, the amplitude can be corrected to outline the effect of increasing imperfections,
as shown in Figure6.7.
This unrealistic deformed shape1 shows how, as the number of sines needed to describe the
geometry increases, the truncation to the first mode could cause an increasing loss in validity.
(a) z01 (b) z02
(c) z03 (d) z04
Figure 6.7: Initial deformed shape, real (meaning not approximated) and approximation (lim-
ited to the first mode)
Using the formula relative to the linearised small deflection theory for imperfect columns, I
have produced a Matlab code, to see how the performances of the imperfect column change in
terms of load-displacement curve and Southwell plot, when the initial imperfection is simplified
from the initial geometry (green lines in Figure6.7) and thus its curvature limited to an arc of
sine (blue lines in Figure6.7).
1This deformed shape, even if highly simplified, does not lack in sense since as the imperfection approaches
a singularity, the number of sine waves necessary to describe it in terms of a Fourier series tends to infinity.
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Figure 6.8: Value of deflection w = z − z0 (real and approximate z0) for different values of the
load
The plot of P
PE
as a function of w(x = 0.15L) 2 shows that, even if the initial deformed shape
changes significantly as the number of sinusoidal terms increases, these differences become less
marked as P approaches the critical value (Figure 6.8).
Figure 6.9: Southwell plot for the different values of w = z−z0 (non approximate and truncated
initial imperfection)
The Southwell plot Figure 6.9 analogously shows a variation relative to the y-axis intercept
but the different curves do not encounter a sensible variation in slope; this is in agreement with
w − P
PE
plot (Figure 6.8) since the inverse of the slope is nothing else than Pcr.
6.3 Large deflection theory
Until now, the focus has been put on linearised second order theory (small-deflection), limited
to infinitely small initial deformations. This is sufficient for many practical purposes, how-
ever it could be interesting to inspect what happens if a non-linear finite-deflection theory is
introduced.
2The coordinate x/L = 0.15 corresponds to the maximum of z04 , that is the highest value of the real, not
approximated, initial imperfection
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Large deflection theory by equilibrium analysis
Lets again take the case of a pin-ended column, with the same characteristics as the one used for
inspecting the small-deflection theory. Instead of considering the deflection w, it is convenient
to work with the slope angle θ, as shown in Figure 6.10. Termed s the length coordinate
measured from the column end along the deflection curve, ds = ρdθ and ρ the curvature radius
and 1
ρ
= dθ
ds
.
Figure 6.10: Initial curvature as beam imperfection [31]
In this case, the bending equation M = EIθ′ = −Pw, differentiating with respect to s and
knowing that dw/ds = sin θ, results in:
EIθ′′ = −P sin θ
where the primes denote the derivative with respect to s.
This nonlinear second-order differential equation is easily solvable (mathematically is the
same equation of the one used to describe the large oscillations of a pendulum, solved by
Lagrange).
It is expedient to set sin θ = 2 sin(θ/2) cos(θ/2) and multiply both sides of the equation by
θ′, keeping in mind that respectively θ′θ′′ = 1
2
(θ′2)′ and [sin2 θ]′ = θ′ sin(θ/2) cos(θ/2).
Taking the square roots and separating the variables
±dθ√
c2 − sin2(θ/2) = 2kds =
2pi
l
√
P
PE
ds
where the plus or minus signs distinguish the buckling to the left and to the right; c is an
undetermined integration constant, which results defined knowing e.g. the slope at the end of
the beam.
This integral yields to a functional relation between the slope of the deflected column and
the length coordinate s, which completely defines the shape of the column.
Naming θ0 the slope at the end of the beam (c = sin(θ0/2)) and neglecting the second order
terms in θ0
2
, the asymptotic relation is obtained
P = PE
(
1 +
θ20
8
)
which is valid when θ0 is not too large, for θ0 < 55
◦ the error is lower than 1%.
There is agreement with the results of the linearised theory, that is deflected equilibrium
shapes are possible when P = PE for very small θ0.
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From the asymptotic relation it is possible to conclude that as the deflection increases, also
P increases (it is not so for all buckling problems, for instance shells, for which the load can
decrease for increasing deflections).
Carrying on the calculation of wmax for small θ0, brings to the relation wmax = θ0
l
pi
√
PE
P
from which derives the asymptotic relation
P = PE
(
1 +
pi2
8l2
w2max
)
In Figure 6.11a is plotted both the axial load versus maximum deflection and the exact
solution (obtained by the solution of the elliptic integrals).The approximate solution is good for
maximum deflections up to 20% of the column length, usually sufficient for practical purposes.
In addition, it is noticeable that the increase of axial load above Pcr is less than 2% for
deflections up to 0.1l, so the critical load can be considered approximately constant for most
practical purposes.
(a) perfect column (b) imperfect column
Figure 6.11: P
PE
vs wmax
l
and exact solution for large deflection theory [31]
It is possible also to define the magnitude of the axial displacement u in terms of wmax,
u = w2max
pi2
4l
, exactly the same relation that subsists if the deflection curve were sinusoidal, and
thus relating it to the axial load:
P = Pcr
(
1 +
u
2l
)
relation valid for not too large deflections and inextensible column.
In the case of an extensible column (Figure6.12)
P = Pcr +
Pcr
2 + Pcr
EA
the total axial displacement is u¯ = u+ u0 where u0 =
Pcrl
EA
.
Even if a geometrical nonlinearity is present (and therefore the stress-strain diagram for a
perfect column looks the same as one of an elastic-plastic material), no dissipation occurs since
the material analysed has an elastic behaviour (there are no material nonlinearity). This brings
to a crucial difference on the unloading behaviour. While an elastic-plastic material unloads
along a different path, the elastic column retraces back the same path as it traced on previous
loading (Fig.6.12 b). Even when dealing with nonlinearities, the response to a deformation
must be perfectly reversible.
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(a) inextensible perfect column (b) extensible perfect column
(c) extensible perfect column (d) extensible imperfect column
Figure 6.12: Load vs axial displacement for inextensible and extensible columns [31]
Thus the stress-strain diagram of a column that buckles is approximately bilinear, with slope
E (Young’s modulus) for σ ≤ σcr and slope 12σcr for P > Pcr and the load-axial displacement
diagram slope 1
2
Pcr/2 =
1
2
pi2EI/l3. These slopes represent the incremental tangential stiffnesses
of the buckling column.
It may seem surprising that the postcritical dependence of the axial load on the axial
displacement may be linear. That this is indeed possible can be intuitively understood by
noting that both the axial load change and the axial displacement are proportional to the
square of the maximum deflection.
Some important observation can be done following the large deflection analysis. First of all,
the deflection when approaching Pcr does not tend to infinity, in contrast with the linearised
small-deflection theory, but instead remains bounded at any load.
Secondly, both load and deflection increase after the critical state: the column possesses a
postcritical reserve. This is in contrast with what happens for other structures, such as shell
for which the load decreases after the critical state.
Then, deviations from the linearised theory do not become significant until the deflection
become quite large.
At last, common structural columns suffer material yielding or fracture well before the fi-
nite deflection theory becomes important, therefore for normal application the linearised small
deflection theory is sufficient.
A more general solution of the nonlinear problem can be also approached by a minimisation
of the potential energy. The approximate solution obtained this way, enables the determination
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of the initial approximate large-deflection behaviour of column in a simpler and more general
manner than what is obtained by equilibrium analysis. It permits also to introduce a variable
bending rigidity EI = EI(s).
The energetic approach gives also the possibility to determine the quality of the equilibrium
and therefore the conditions for which the column is stable.
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Chapter 7
Numerical Experimentation
Experimental testing could be interestingly preceded by a numerical approach with the finite
elements method to help predicting the behaviour that would be encountered. Due to the
complexity of creating an effective model of reality, this analysis will only be concerned with
investigating the effect of the size of imperfections on the instability behaviour, meaning a
variation in the trend of the load-deflection curve, in the value of the critical load or in the
deformed shape.
Various simple models are created in order to estimate the changes in the instability condi-
tions. The dimensions and geometry of the model are kept alike the one that characterize the
specimens used for testing and a simplified defect is drafted over this basis.
Three cases are created in this way, which gradually approach the real induced defect (an
in-plane curvature of the fibres on the last two plies):
1. central out-of-plane curvature
2.
variation in the thickness of the specimen (out-of-plane
sinusoidal waviness of the surface ply)
3.
change in fibres orientation (in-plane local fibres curva-
ture)
  
A Finite Element program (Abaqus) could be used to carry out an eigenvalue analysis,
where a certain number of critical loads and the relative deformed shapes are computed. More
interestingly, it is also possible to carry out a non-linear study that tracks the evolution of
the deformed shape and the corresponding value of load, up to the first critical load. This is
particularly compelling since it permits drawing the load-displacement curve and the Southwell
plot.
For the purpose of evaluating performance, the second method was preferred for FE analysis.
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7.1 Creation of the model: Geometry and Material
For requirements related to the shape and specification of the testing machine, the samples
used are of rectangular shape and dimensions:
• length l = 230 mm
• width w = 20 mm
• thickness t = 2 mm
The specimens involved are derived from 250x250 mm plates of PA66 long fibre carbon re-
inforced composite manufactured at CETIM, by cutting it into stripes of 20 or 25 mm of width
(depending on the defects). Thus the deriving dimensions of the samples, the ones above listed,
are 230x20x2 mm.
The nominal properties of the carbon reinforced PA66 material are reported in Table ??,
the data are taken from [4].
E1 E2 ν12 G12 G13 G23
114230MPa 8950MPa 0.307 3022MPa 3022MPa 2772MPa
Table 7.1: PA66 Carbon Material properties
The material characteristics here written are the ideal ones calculated using the rule of
mixture starting from fibre matrix proportions and volume fraction, while experimentally a drop
in Young Modulus is found. For instance from tests (carried at CETIM [4]) on a unidirectional
stack subjected to traction in the 0◦ direction, E1 is found to have a mean value of 104.197GPa
with a standard deviation of 5.15 GPa; for a specimen deriving from the same piece, subjected
to traction in 90◦ direction, E2 is found to have a mean value equal to 5.988 GPa and a standard
deviation of 106.61 GPa.
E1 E2
E 104197 MPa 5988 MPa
ν 0.307 0.307
Table 7.2: Value of E1 and E2 as found experimentally
Other test carried on cross-ply specimens result in an overall value of Young modulus E of
52.025 GPa (in this case the material is treated as homogeneous as written in Table ??).
The stacking sequence of the tested specimens is cross ply. In particular, the manufactured
plates are composed of 14 plies (deriving in a mean global thickness of 2 mm) arranged in the
following manner: a couple in the 0◦ direction and a couple in the 90◦ direction, alternated so
that on each of the two external faces, the two plies adjacent to the surface are oriented in 0◦,
load application direction, this results in the symmetric stacking sequence [02/902/02/90]s.
7.2 FE Analysis of Out-of-Plane curvature
The effect of local out-of-plane curvature was treated with a fairly simple model which was
subsequently amended to be more accurate and representative of manufacturing defects.
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The geometry and the material features of the specimens will be outlined in the following
chapter: the sample has a rectangular shape of dimensions 230x20x2 mm and is composed as
a symmetric cross-ply of 14 layers [02/902/02/90]s. This section will explain the process of
transferring this features to the FE model.
The part is modelled as an orthotropic 2D shell, which can be treated as a composite
laminate by defining the stacking sequence.
The geometry is created as a sweep: the axis is sketched first, then the cross-section shape
is drawn and swept along the axis.
For the first case, the profile along which the cross-section is made to slide is a straight
line which present in the middle an arc of circle as shown in Figure re 7.1, in order to obtain
a hill that goes outside the plane. The extremities of the arc of circumference are fixed and
the center is made to slide along the orthogonal direction in order to decrease the entity of the
curvature outside the plane as the radius of the arc slides away increasing its length (Table 7.3).
50	  mm	  
230	  mm	  
Figure 7.1: Centre line of the sample
Model 1 2 3 4 5 6 7
Radius R (m) 0.05 0.1 0.7 2.5 7 10 100
Mean line displacement t (m) 0.029 0.0134 0.0018 0.0005 0.0002 0.0001 0.00
Relative displacement t/R (%) 60 13.4 0.25 0.02 0.0026 0.0013 0.00
Table 7.3: Out-of-plane displacement of the axis in the different models
The focus is set on inspecting the variation in critical load and deflection as the entity of
the out-of-plane curvature decreases, to track the change in behaviour as the defect becomes
more localized.
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The first case in particular could be mostly used to define what is the impact of an imper-
fection on a large scale, since the model created this way present a macro manufacturing defect
whose dimensions are comparable or bigger than the thickness of the specimen.
If the purpose is to assess a more localized imperfection, the last case should be taken into
account, since the typical size of the defect should be smaller if compared to the cross thickness
of the sample on the dimension scale of the plies.
The macro-defect does not fall any more in the category of unavoidable features but should
be assessed as wrong manufacturing, and depending on the circumstances, the piece can be
either accepted or rejected.
For the purpose of estimating the effect of defects: the deformed shape, the load-displacement
curve and the Southwell plot are graphed for all the seven cases of Table 7.3.
Figure 7.2: Comparison of all Load-Displacement curves
In Figure re 7.2, the load-displacement curves for all the various cases are shown.
In fact the w, P data plotting is the most representative of the trend and enables a first
comparison of the different geometries.
From the knowledge the geometry of the specimen, it is acceptable that the cases 5, 6 and
7, featuring geometrical defects of small entity, cluster towards the ideal situation of perfect
beam. In fact, such behaviour is noted and, taking into account the analytical formula, the
value found numerically tends toward the one analytically calculated with the small deflections
theory.
It is also noticeable that the difference in behaviour between curve 1 and 2 and the re-
maining is remarkable. It is possible to suppose then that those two instances easily fall in the
category of large deflection and therefore the linearised theory might not be sufficient for an
adequate analysis. In support, the load displacement curves relative to bigger imperfections
show the tendency, typical of the large deflection theory, to not tend asymptotically towards
the critical load but instead have a postcritical behaviour, meaning an increase in deflection
and load. For the curve characterizing samples with smaller imperfection, this is less marked
and in particular curve 7 tend to override the others.
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In fact as will be seen from the detailed study of these two cases, the application of the
Southwell plot, a tool that has its foundations directly on the linearised theory, becomes almost
meaningful since it shows a strong variability of the fitting line depending on the data points
used for the fitting.
Especially in term of critical load, the variation is particularly pronounced if compared to
less defective geometries. From a practical/engineering point of view, the load that could be
borne by a structure subjected to an imperfection of high entity is significantly below what
may be applied to a part characterised by minor defects.
Case 1
The first case is the one for which the out of plane curvature is of the biggest dimension. As
well as the subsequent case, for this condition an analytical study would necessitate the use of
the large deflection theory.
From a point of view of data processing, for what concerns the load-displacement curve, the
deviation from the perfect case is evident, resulting in a lower value of the load endured by the
structure.
Even of more interest is the Southwell plot. Since its theory is formulated excluding all
the modes except the first, the data point on the lower left hand side should have a higher
scatter from the regression line if compared to the last cases, where the defect of smaller entity
(increasing distance of the center of the arch from the centreline of the sample) make the use of
the linearised second order theory more accurate. And in fact a deviation of the load-deflection
data from the linear trend is visible in Figure re 7.5.
Figure 7.3: Deformed shape of curve 1
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(a) Load displacement curve (b) Southwell plot
Figure 7.4: Data plot
The lack of accuracy related to the application of the linearised second order theory to a
problem characterized by fairly big imperfection, is easily viewable from the plotting of the
data.
From Figure 7.4b, where the whole set of data
(
w, w
P
)
is graphed, it is evident that the trend
does not tend to a straight line, instead the points are arranged as to almost form a parabola.
Consequently, it derives that the fitting of the
(
w, w
P
)
data relative to the case currently
under analysis, is more problematic if compared to the following cases (for instance 5, 6 or 7 )
where the linearised small deflection theory is sufficient.
In Figure 7.5, two regression line derived from the same data are shown. The generation of
the regression line is carried out via a Matlab code. The choice of the data point is automatized,
it is requested to decide a starting point (and a range) from which the evaluation of the point
used for the fitting procedure is carried out.
Since a sample of seven points has been supposed to be sufficient for the initial estimation
of the two parameters of the line, an initial range of ±3 from a first datum is taken.
If the starting point considered first is the middle one, at 50%, as shown in Figure re 7.5a,
the point used at the end of the iteration for the definition of the regression line are in the
range [2,10] (9 points, meaning that other two data are added since considered in tolerance).
Otherwise if the first datum considered is at 80% (Figure re 7.5b), no further point are added,
and the range keeps unchanged [9,15] (7 points, no other data are in tolerance).
The two cases result in a strong variation in the analysis; if the range of data is [2,11] so
the point used are concentrated in the left hand-side (lower values of load and deflection), the
value of Pcr is around 214 N. Otherwise if the data are centred in the higher zone (higher value
of deflection and loads near the critical), the critical load is approximately 323 N, value higher
than the one that could be calculated analytically from the small deflection theory for the case
of a perfect beam. It is evident from Figure 7.4a that this is not the case, since the behaviour
differs strongly from the ones of an almost perfect sample; it is sufficient to do comparison with
the performances of 6 or 7, (which are certainly better).
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(a) Starting point 50% (b) Starting point 80%
Figure 7.5: Data plot
Case 2
As can be seen in Figure 7.2 showing all the load-deflection curves for the various different
conditions, case 2 present the same features of the previously analysed case.
Even if in this case the deformations are smaller than in case 1, indeed the present instance
still falls outside the linearised small deflection theory (Figure re 7.7).
The analysis to be carried out and the conclusion derived are not different to the one
expressed in the previous case. Also here the fitting line changes in slope substantially according
to the data used and therefore depending on the specified starting point (Figure 7.8). This
results in a strong variation of the computed critical load, which passes from a realistic 209.5 N
for the starting point at 50% to 221 N, results that are in contrast with the expectation arising
from the observation of Figure 7.2.
Figure 7.6: Deformed shape of curve 2
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(a) Load displacement curve (b) Southwell plot
Figure 7.7: Data plot
(a) Starting point 50% (b) Starting point 80%
Figure 7.8: Data plot
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Case 3
Case 3 exhibits a behaviour at the border between large deflection and small deflection. Con-
sidering again Figure 7.2, the curve relative to the case in exams displays reduced deflections
if compared to the two previous cases but still shows higher deformation if compared to the
followings.
Also the behaviour in terms of fitting line is borderline since the fork is reduced but the two
values are still different.
Figure 7.9: Deformed shape of curve 3
From Figure 7.10, it is possible to see from the load-deflection curve that the tendence is
the one typical of large deflection, that is a tendency of the curve to grow, instead of tending
asymptotycally to the value of the critical load as happen according to the small deflection
theory. In the Southwell plot this is shown by the tendency of the last data to curve, deviating
from the straight trend.
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(a) Load displacement curve (b) Southwell plot
Figure 7.10: Data plot
When the starting point is set at the central data, the computed value of critical load is
of 208.7 N. This value is a bit lower but in complete accordance with the values computed
fro the curves with decreasing intensity of the defect as can be seen from Table 7.4, where all
the calculated values of Pcr for the different curves are listed. Moreover, it denotes a good
concordance with the value of the inverse of the slope of the fitting line created by setting the
starting point at 80%; the two values are still differing but the gap is decreasing if compared
to the two cases just under analysis.
(a) Starting point 50% (b) Starting point 80%
Figure 7.11: Data plot
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Case 6
The cases following the third, in terms of load deflection tend to the same critical load. For
this reason, only the results of one will be discussed: the one chosen is the sixth, in fact no
significant change in the curves and in the data is found with respect to the others.
The load-displacement plot shows a increase in load with almost no deflection, and, as the
load approaches its critical value, the deflection is almost instantaneous.
Also in terms of Southwell plot, it is possible to see that the data are substantially arranged
in a straight line, with an almost invisible scatter of the data also at the extremities. This
results in an increased independence from the starting point, meaning that the current cases
are all described with sufficient accuracy by the small deflection theory.
Figure 7.12: Deformed shape of curve 6
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(a) Load displacement curve (b) Southwell plot
Figure 7.13: Data plot
(a) Starting point 50% (b) Starting point 80%
Figure 7.14: Data plot
It is interesting to proceed with a small summary table comparing, in terms of critical load
Pcr and initial imperfection z0, all the various cases.
starting point: 50% starting point: 80%
Case: P cr (N) z 0 (m) P cr (N) z 0 (m) ∆Pcr (N)
1 214.6 9.7737 10−3 323.9 2.7657 10−2 109.3
2 209.9 5.1147 10−3 231.8 6.3543 10−3 21.9
3 208.7 7.4167 10−4 225.2 1.068 10−3 16.5
4 209.1 2.1072 10−4 223.3 4.0765 10−4 14.2
5 209.1 7.5563 10−5 217.0 1.480 10−4 7.9
6 209.1 5.3177 10−5 219.6 1.4825 10−4 10.5
7 209.2 5.347 10−6 211.5 1.4492 10−5 2.3
Table 7.4: Fitting line data
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7.3 FE Analysis of Out-of-Plane sinusoidal undulation
As already stated previously, the model just now in question gives only a hint of what a localized
defect is, since the extents of the mean line curvature lie in the macroscopic field. A new model
will now be introduced due to the need of a more realistic case and to the necessity of distinguish
between the two dimension ranges, macro and micro, and to understand the effects related to
the belonging of the inspected flaw to either of the field.For this purpose a new model is created.
Due to the necessity of drafting a small geometrical error that interest only a portion of the
cross section, a 3D model is used. In order to distinguish between the different plies, the piece
is partitioned in different layers; on each one, the appropriate material properties (relative to
0◦ and 90◦ respectively) are imposed.The property given to the plies are calculated as if they
were those of an equivalent homogeneous material with Young’s modulus value resulting from
tensile tests for a UD loaded in the 0◦ or in the 90◦ direction (Table 7.2).
Figure 7.15: Cross section with local sinusoidal change in thickness
The geometry of the piece resembling the specimen is created by an extrusion of the cross
section, for the entire length of the specimen.
In this case the rectangular cross section present an undulation which replaces one of the two
straight basis (Figure 7.15), this follows a sine wave which has an amplitude of approximately
0.2 mm, value in agreement with what is found experimentally.
(a) sine wave (b) sine wave normalized with respect to the thickness
of the ply
Figure 7.16: Surface shape
The amplitude of the sine wave is comparable with the thickness of the ply, as can be seen
in Figure 7.16 (b), where the sine wave normalized with the average ply dimension is sketched.
The sine wave has been drafted by points, thus creating the cross section geometry of Figure
7.15.
So, in the present case, the extent of the out-of-plane portion lays in the field of local defect
and can be considered as a common feature deriving from manufacturing. In fact during the
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fabrication, it is common that the thickness of the piece is not uniform along all the surface,
but some deviations from the mean do easily appear.
The part created in this way is meshed using quadratic elements, whose approximate global
size is 0.0025 m which was found to be a good compromise between refinement of the mesh
(accuracy of the results) and computational time. The choice of quadratic element is necessary
since it is the only way to properly take into account bending.
(a) Overall view (b) Particular of the side
Figure 7.17: Views of the mesh
Here the results of the analysis are shown. In the following figures the deformed shape
(Figure re 7.18), the load-displacement curve (Figure re 7.19a), the Southwell plot data (Figure
re 7.19b) and the relative regression line Figure re 7.3 are displayed.
A small variation in the thickness, as appears from Figure 7.19a, do not affect noticeably
the buckling behaviour of the specimen. The load-displacement curve in the proximity of the
critical load displays a behaviour similar to the one of a perfect column, with an almost sudden
deflection when Pcr is reached. Also the data relative to the Southwell plot are arranged to
form a nearly straight line. The computed regression lines show no strong variability when
the starting point is changed: the computed Pcr passes from 211 N (starting point at 50%) to
225 N (when the beginning range is centered at 80%).
The trend shown in Figure re 7.19, both by the Southwell plot and the deflection curve,
is the one typical of small deflection problems. The load-deflection curve displays an almost
asymptotic behaviour in the proximity of the critical load; close to Pcr, the column presents a
nearly sudden deflection of high entity.
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Figure 7.18: Deformed shape
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(a) Load displacement curve
(b) Southwell plot
Figure 7.19: Data plot
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(a) Starting point 50% (b) Starting point 80%
Figure 7.20: Regression line
7.4 FE Analysis of local In-Plane fibre waviness
Since the experimental testing involves among others defective samples which present a local
curvature of the fibres of the two 0◦ plies adjacent to the surface, the last FE Analysis has the
aim to model the specimens that will be used for testing.
The fibres of the specimens present a local in-plane curvature in the central zone of the
specimen; this defect is induced adjacent to the surface, so that it is possible to have a hint on
the extent of the undulation.
Due to the extreme difficulties and time needed for completely design the fibre waviness,
fibre by fibre, by means of a FEM, a preliminary approach is to set the fibre orientation as a
material property.
The model could be created as a 2D-Shell rectangle partitioned in stripes over the surface.
On each of the zones that remain defined, a different fibre orientation is imposed.
Whenever it is possible, a 2D-Shell model will be used since an ulterior source of errors and
risk of numerical non-convergence is nested in 3D meshing procedure, connected to the choice
of the meshing elements. This very issue is not strong in 2D models.
The curve followed by the fibres, is arranged according to an arc of circumference, having
a chord of 10 cm and an arrow of 0.5 cm. The area of the arc is divided into stripes of 1 cm
of edge. On each portion an orientation of the fibre is imposed, orientation equal to the angle
formed by the tangent relative to the middle point of each segment with the horizontal (x)
axis. The angles used, in Figure 7.21, are reported each one matching the zone to which it is
imposed.
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Figure 7.21: Deformed shape
What results from this analysis is exposed in Figure s 7.22, 7.23a, 7.24a and 7.25, where
the deformed shape, the data plotting, load-displacement curve and Southwell plot, and the
regression line are represented.
Figure 7.22: Deformed shape
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(a) data used for postprocessing the results (b) Complete data
Figure 7.23: Loed-deflection curve
From Figure 7.23 it is clearly visible that the effect of a fibre misalignment does strongly
affect the buckling performance of a piece.
The behaviour in this case is totally different from what is experienced when a small variation
of thickness of the specimen occours.
Checking the load-deflection curve 7.23, a postcritical reserve appears, that is when the
deflection increases over a certain value, the piece acquires new capability to bear the load and
the load increases again.
(a) Southwell plot (b) Southwell plot of the complete data
Figure 7.24: Southwell plot
In Figures 7.23a,b and 7.24a,b are included two load-deflection plots and two
(
w, w
P
)
plots.
In both cases b refers to a higher number of data; as already stated in Figure re 7.23b a
postcritical area is outlined. In the Southwell plot 7.24b, this zone appears as a deep deviation
from the trend followed by the previous data.
For the purpose of postprocessing the results, the presence of this large scatter of the point
is likely to distort the results.
If some data are excluded, as visible from the first images of Figure re 7.23 and 7.24, the
results in terms of computing the fitting line go back to a correct standard behaviour. The two
curves of Figure 7.25 (relative to the two different starting points) show subtle differences, e.g.
Pcr is in one case 180 N and in the second 188.5 N.
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(a) Starting point at 50% (b) Starting point at 80%
Figure 7.25: Regression lines
In Figure 7.26 a,b are represented the two fitting lines computed without excluding the last
portion of the data. As can be seen, in case the starting point is set at 50%, the calculated
slope shows an opposite sign, the fitting line is reversed, associating to higher deflections a
downward trend rather than an ascendent one.
(a) Starting point at 50% (b) Starting point at 80%
Figure 7.26: Regression lines for the complete set of data
Even if the geometry of the model thus created present no deviation from the ideal, the
effect of a defect such as an in-plane fibre curvature is particularly strong in terms of drop in
critical load.
It was expected that such a defect would led to a deep drop in performances, since in a
composite the fibres are the elements in charge of sustaining the load.
It is interesting now to proceed with the testing and check if such a drop is only the outcome
of the extreme condition chosen.
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7.5 Comparison of the numerical results: variation in
thickness vs fibre waviness
The purpose of the present work is to inspect experimentally and also numerically the effects
of defects and in particular in-plane undulation of fibres.
From a practical point of view, all the manufactured pieces present a certain amount of
imperfections, some of which unavoidable.
Concerning the inevitable features, let us focus on one that is more likely to always occur
(on different levels) on manufactured piece: a variation in thickness.
From the numerical analysis, it results that a plausible variation in the thickness of the
sample of 0.2 mm, shows weak effect on the buckling behaviour. It is interesting then to
compare the drop in quality with the one deriving from a undulation of the fibres.
In Figure 7.27, the two load displacement curve are plotted together, in order to understand
whether the two defects have the same impact or not.
If the first case applies and the two effects are comparable, in practice it would be difficult to
distinguish between the two, because experimentally a variation of the thickness of this entity
is always encountered.
Figure 7.27: Load displacement curve for a specimen displaying a differential thickness and the
same specimen affected only by ab in-plane curvature if the fibres
As visible from Figure 7.27, and also confirmated by the values of Pcr obtained from the
computation of the Southwell plot regression line, the performances resulting from the two
different imperfections are distinct.
The drop in performances and in particular in the value of the maximum load that can be
applied to the structure, is almost neglegible in the case of a variation of the thickness and is
instead accentuated for a waviness of the fibres.
Also a change in the trend is encountered in proximity of the critical load; in the first case
of a variation of thickness, the behaviour approaches the one of a perfect specimen with an
almost sudden deflection for a limited increase in load. For the second case, the variation of
the trend of the curve is not so sharp. The loading path before Pcr in this second case show
also a smoother slope.
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Chapter 8
Experimentation
This chapter presents all the information concerning buckling tests, whereas a separate chapter
will be devoted to the discussion of the results.
Due to the need to classify defects, the experiments are undertaken first on nominally
flawless specimens. As no piece can ever be completely flawless, a nominally perfect sample is
one with the highest possible quality thanks to strictly monitored manufacturing processes. On
the contrary, on the other specimens a macro-defect is voluntarily introduced during fabrication.
More specifically, the defect induced is an organised curvature of the fibres belonging to the
last two plies adjacent to the surface, inside their plane. The choice of one of the surface ply
derives from the purpose to make the flaw visible and therefore to render it possible a visual
checking of the entity of the defect.
8.1 Testing tools: Creation of the plates
The plates are manufactured from a prepreg (shown in Figure 8.1) by cutting the sheets from a
roll. Clearly visible are the already present features that affect the elements even before begin-
ning the fabrication: the prepreg roll displays an initial camber, due to draping, consequently
deriving in an initial curvature of each sheet obtained (in Fig.8.2a) and also the presence of an
organised local undulation of a group of fibres (in Fig.8.2b).
Figure 8.1: Cutting plies from a PA66 Carbon reinforced prepreg roll
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(a) (b)
Figure 8.2: Evidence of pre-existent defectivity on PA66 Carbon reinforced prepreg
The intent is to manufacture plates of plates of good quality as well as defective plates.
Manufacturing of good plates
Standard plates, the ones of good quality, are manufactured in the following manner:
The stacking sequence is created with plies of equal
size.
The stack is placed in a mold, with a string ap-
plied at the edges of the plate so that during the
following step of the forming procedures the resin
does not leak, as to decrease the porosity of the
specimens.
The last step is the forming procedure, when the
mold placed in the press is heated and pressure is
applied.
The cooling procedure is undertaken inside the
press, this procedure permits to avoid the onset
of thermal residual stresses resulting in a global
curvature (Fig. ??).
Manufacturing of the defect: an in-plane undulation of the fibres
The procedure outlined above is kept alike for plates with defects, the induced defect are created
directly on a ply-level before producing the stacking sequence.
The desired defect is an in-plane curvature, induced in two 0◦ plies adjacent to the surface.
The choice of putting the defect on the surface is related to the simplicity to visualize the defect
(that if present on internal plies would be impossible to see and then to verify its presence and
its intensity). The asymmetry in the creation of the defect (presence limited to one of the two
sides) is intrinsic with the buckling tests.
After some attempts the method found more effective for the creation of the defect was
to cut the last two plies on one side of the stack so that they were longer than the standard
sheets by a few millimetres, respectively 3 mm and 5 mm for different intensity of the defects
resulting in two different cases with two sizes of the defect.
In order to fix the local in-plane undulation so that it were located in the central part of
the specimens, three layers (one standard sized and two longer) were treated separately before
grouping the stacking sequence. The following description inspects the creation of the flaw
focusing only on the three just mentioned plies.
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One of the longer plies 0◦ was fixed to a normal-
size 90◦-oriented sheet through the edges and also
in the central zones to permanently position the
flaw.
The central clamping of the two plies is done with
the aid of welding points, matching the extremities
of the two different length plies so that the excess
of material, and the resulting pocket, is positioned
as much as possible in the middle. The two set of
welding points are arranged in two parallel rows
about 10 cm distant.
Then via an appropriate tool (that uses ultrasonic
waves) the hill is heated and pressed onto the plane
in order to induce an undulation of the fibres in the
direction of load application (a curvature in the
orthogonal direction would have a less significant
effect on the global behaviour)
The procedure is repeated for the last longer ply
which is secured to the above mentioned manufac-
ture in the same way.
Then the stacking sequence is completed with
other eleven plies opportunely disposed and the
fabrication procedures proceed as explained.
8.2 Testing tools: Testing machine
The testing machine used for the experimental procedure is Deltalab EX150K1 : the structure
of the machine is shown in Figure 8.3.
Figure 8.3: Deltalab EX150K1 testing machine
The instrument is composed by three beams of equivalent length, connected together in
order to obtain a triangle: the specimen to test is positioned in the middle, one edge is fixed
at the vertex and one in the center of the base. It is possible to change the connectors in order
to modify the end restraint (simply supported or fixed). For the present use, in analogy with
theory, the boundary condition chosen are of simple support.
The charging system consists of two parts:
• a fixed point at the top of the triangle
• a moving point at the base of the triangle
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The loading of the specimens is allowed by the moving part through a screw-nut system
whose screw is manually controlled by a steering wheel and the fix nut is hinged at both ends
of the beam, base of the triangle
The measurement of the force is carried out by measuring the arrow of the loaded beam.
The measuring point is selected so that an arrow corresponds to a 1mm traction force of 1000N
on the specimen. The tensile force is proportional to the arrow, it is easy to read directly on
the applied force comparator (1division = 0.01 mm corresponds to 10N).
To ensure a boundary condition of simple support, the specimen should present knife edge
extremities. This would approach the case of a pinned end support by assuring the contact
with the machine to be restricted to a really thin zone, at the limit tending to a line.
This has not been possible, thus the specimens are just rectangular bars with straight cut
edges (Figure 8.4). It is necessary to inspect whether a straight edge can cause faults during
testing and if so to correct the feature for further experiments.
Required edge
Used edge
Figure 8.4: Specimen edges, required and used ones
Since the instrument is intensively used, also for academic purpose, before proceeding with
the tests a pre-testing of the specimens given by Deltalab together with the testing machine,
is carried out in order to verify that the machine is properly calibrated.
8.3 Plates and specimens
The description of the tests is here delineated.
Each of the plates was cut to yeld five specimens. Out of the six plates created (two for
each type: non-defective, defective-3mm extra length and defective-5mm extra length), four, of
different types, have been chosen for a first round of tests.
During the cutting of the specimens from the plates, some of the plates were cutted
by mistake in the orthogonal direction, thus generating samples whose stacking sequence is
[902/02/902/0]s. The critical load analitically evaluated for a perfect sample displaying neither
geometrical imperfection in the dimensions (such as variation of thickness, width or length) nor
defects (initial curvature, fibre undulation) is 210.1 N when the outer plies are at 0◦ and 98.6 N
when at 90◦.
Knowing the value of Pcr in the different cases (it is possible to compute also the change
in value caused by difference in thickness and width), the comparison between the different set
of data is still possible. As a matter of fact, since the interest is set in defining a trend and
a change in behaviour between defective and formally non-defective specimen, it is possible to
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normalize the value with respect to the computed critical load.
Before proceeding with the analysis of the result, first a description of the specimens tested
is undertaken. This is necessary due to the fact that even if derived from a nominally perfect
plate, not all the specimens are completely flawless; in particular they can present a overall
curvature (initial curvature) or an undulation of fibres, in addition to the imperfection always
encountered such as dimensions different than the nominals.
8.3.1 Plate 1
The first plate to be considered is one with an intense initial curvature of the fibres (as visible
in Figure 8.5a), derived from cutting the last two plies 5 mm longer.
(a) complete plate (b) specimens
Figure 8.5: Plate 1 and specimens
The specimen obtained by cutting in the direction of the fibres of the superficial ply are
displayed in the second image, Figure 8.5b. It is possible to see, also from the initial deformed
shape that there are some variabilities between the samples.
In Figure 8.6, all the center line are displayed. It is visible that, even if the plate was
initially flat, some of the specimens display an curvature probably due to the presence of
inherent asymmetries, at the beginning globally equilibrated, that have been released at the
moment of cutting.
It is clearly visible that only specimen number 3 and 4 are perfectly rectilinear while the
other specimens present an initial curvature, more or less accentuated; the widest curvature is
displayed by the second specimen, thus we expect the performances of this sample to be below
the mean.
Measuring the width and the thickness in three different zones of the specimens (at the two
extremities and at the centre) a deviation is found from the mominal dimensions. Here in Table
8.1
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(a) specimen 1
(b) specimen 2
(c) specimen 3
(d) specimen 4
(e) specimen 5
Figure 8.6: Center lines of the different specimens from plate 1
mean width mean thickness theoretical PE real PE
(mm) (mm) (N) (N)
1 2.183 +0.07−0.013 20.01
+0.03
−0.02 210 273
2 2.160 +0.07−0.013 20.02
+0.03
−0.02 210 265
3 2.213 ±0.01 20.04 +0.03−0.05 210 285
4 2.207 +0.013−0.016 20.03
+0.05
−0.06 210 283
5 2.224 +0.007−0.013 20.013
+0.03
−0.02 210 289
Table 8.1: Real dimension and deriving critical load
8.3.2 Plate 2
The second plate taken in consideration is also a defective plate (with a weaker imperfection),
however it has been cut in the direction orthogonal to the fibres of the surface ply thus excluding
the defect.
Therefore the specimen obtained from this plate are at first glance nominally perfect. Two
of the five specimen have been taken for the analysis, to compare their behaviour to the one of
the other [902/02/902/0]s samples obtained from plates 3 and 4.
The first of the specimen chosen is a non-defective, namely it does not present neither fibre
waviness nor an initial curvature; the second specimen instead present an initial curvature.
(See Figure 8.7).
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(a) specimen 1
(b) specimen 2
Figure 8.7: Center lines of the two specimens from plate 2
mean width mean thickness theoretical PE real PE
(mm) (mm) (N) (N)
1 2.303 +0.03−0.02 20.03 ±0.02 99 151
2 2.219 +0.016−0.013 20.04
+0.18
−0.09 99 135
Table 8.2: Real dimension and deriving critical load
8.3.3 Plate 3
The third plate chosen is the non-defective plate. Also this one was cutted in the direction
orthogonal to the fibres.
(a) complete plate (b) specimens
Figure 8.8: Plate 1 and specimens
The specimen derived from this plate have been chosen to represent good quality specimen.
First their behaviour will be compared to other good specimens (displaying no visible defects)
taken from plates 2 and 4, in order to see the deviation in the data between different plates.
Then the comparison will put together good and defective ones.
In truth, out of the four specimens chosen, while some of them are of good quality, two of
them show a visible imperfection. The last two of Figure 8.9, namely the third and the fifth,
display a slight initial curvature. In addition, specimen 5 present a coherent in-plane waviness
of the fibre that affect the entire surface, visible from Figure 8.8.
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(a) specimen 1
(b) specimen 2
(c) specimen 3
(d) specimen 5
Figure 8.9: Center lines of the different specimens from plate 3
mean width mean thickness theoretical PE real PE
(mm) (mm) (N) (N)
1 2.328 +0.031−0.037 20.07 ±0.01 99 156
2 2.322 +0.017−0.027 20.07 ±0.01 99 155
3 2.317 +0.032−0.023 20.08
+0.03
−0.01 99 155
5 2.345 +0.054−0.025 20.06 ±0.01 99 159
Table 8.3: Real dimension and deriving critical load
Specimen number five is particularly important to see the behaviour when an ondulation in
fibre is encountered. It is expected that this waviness, which interest fibre at 90◦, should effect
less the resistance of the piece if compared to an undulation having and protagonist the fibres
oriented at 0◦, since the plies oriented in the load application direction are the ones in charge
of carrying the majority of the load capability.
Unluckily, as visible from Figure 8.9, this specimen present also a curvature albeit weak. For
this reason, its performances will be compared also to specimen presenting an initial curvature to
check whether the effect of in-plane waviness could be distinguished to the ones of a imperfection
of the centre line.
8.3.4 Plate 4
The last plate to be taken in consideration is plate 4; due to the curvature present in the
specimen, only one sample (Figure 8.10) is taken as representative of good quality specimens.
Other specimens showing curvatures of different entities are taken to inspect this defect.
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(a) specimen 1
(b) specimen 3
(c) specimen 5
Figure 8.10: Center lines of the different specimens from plate 4
mean width mean thickness theoretical PE real PE
(mm) (mm) (N) (N)
1 2.203 +0.049−0.026 20.06
+0.02
−0.01 99 132
3 2.191 +0.025−0.036 20.05 ±0.01 99 130
5 2.185 +0.015−0.009 20.06 ±0.03 99 129
Table 8.4: Real dimension and deriving critical load
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Chapter 9
Buckling tests
Before analysing the data obtained during testing by means of load-deflection curve and South-
well plot, a summary table of the specimen analysed is done in order to catalog the various
samples according to their geometric characteristics and render it easier a subsequent study of
the curves.
The acronym used from now on to refer to the individual specimens is composed of two
numbers: the first refers to the plate from which it is derived and the second is a number
necessary to distinguish the different specimens from the same plate during the tests. This
second digit is in agreement with that used in the previous chapter during the description of
the plates.
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Non defective
3-1
Good quality, taken from the non defective
plate 3
3-2
Good quality also from plate 3, chosen to de-
fine the deviations inside the same plate.
2-1
Good quality, taken from another plate, plate
2, to compare the deviation between different
plates.
4-3
Specimen of best quality, between the one
from plate 4.
Defective: arrow
3-3
Substantially good specimen, it present a
fleeble arrow and thus classified as frontier
between the two groups.
2-2 The specimen present a week initial arrow
4-1
The specimen display an increasing curva-
ture.
4-5 The specimen is strongly curved
Defective: fibre waviness
1-3 0
◦
Specimen with the induced in-plane curva-
ture of fibres in the direction of the load
application. It present an inclusion of resin
(zone lacking of fibres) due to the waviness
1-4 0
◦
The intensity of the waviness is higher and
extended on a longer zone but the undulation
is less accentuated thus there only resin areas
without fibre are less wide.
Defective: fibre waviness & arrow
3-5
The specimen present a weak overall curva-
ture and more of interest an organized ondu-
lation of the fibre in the 90◦
1-5 0
◦
Specimen belonging to plate 1, on which the
in-plane undulation has been induced; In ad-
dition it displays an initial arrow
1-1 0
◦ Also from plate 1, the initial curvature is in-
creased in intensity
1-2 0
◦ Specimen strongly curved, from the same
family of the two above.
From an ideal poin of view, since the intent is to classify the effect of defect, it is sufficient
to compare the specimens showing a defect to the ones nominally perfect.
In reality, this approach is not adequate; between nominally identical samples belonging to
different plate (and often also for different sample of the same plate) a deviation in performance
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is always to be encountered. It is necessary then to first plot together the data relative to good
quality specimens of the different plates (the first group in the table).
Then the good quality specimens will be compared once with the specimens which have a
type of imperfection, for instance in geometry, and once with the group which displays the other
type of defect, that is error in fibre alignment. It is also intersting to check the behaviour of
the above mentioned specimens to the one presenting both an initial curvature and an in-plane
waviness to check whether the two effect can be distinguished or if the stronger, more likely to
be the arrow since it affect the specimen globally, covers the other imperfection.
9.1 Load-Displacement curve
Let us first observe all the load-displacement curves. The plotting of the load-displacement
curve is undertaken normalizing the value of the load P with the first critical load. This is done
in addition to permit a comparison between spacimen showing different stacking sequances.
The curves graphed are therefore (w, P/Pcr). The critical load is computed analitically taking
into account the real dimensions of the specimens, the value obtained this way were listed for
each plate in the previous chapter.
In Figure 9.1, four different typologies of lines appears:
• continuous lines for good quality specimens
• dashed lines for initially curved specimens
• dotted lines when fibre waviness occours
• thinly dashed lines indicate samples with an initial curved and a fibre undulation
Figure 9.1: Complete experimental load-deflection curve
92 CHAPTER 9. BUCKLING TESTS
At first sight, it is noted that there are two curves which have a peculiar behaviour. The
data relative to specimen 4-1 (which has an initial curvature) and 2-1 are above the analytical
value of Pcr. This outstanding performances, far from being realistic, are more likely to appear
due to faults in the testing procedure.
One of the possible explanation is that, during the test, the non perfect edges (flat instead
of sharp) have caused a sudden and temporary change in boundary condition, which would
explain the increase in the critical value (for both fixed ends Pcr = 4PE).
This hypothesis is supported by the fact that during the test, for these specimens, once the
critical load was reached a click was experienced and at the same time an increase in deflection
contemporary to a falling in load. This is in contrast with the theoretical behaviour, which for
non perfect specimens as the one under analysis, forsees a postcritical trend with increase both
in load and deflection. It was impossible then to apply a greater load. In fact, from the curve
4-1 it is visible that the last data correspond to a much lower value of load and it is located
exactly in the area where it should have been, the zone where you can find the data consistent
with the samples that did not present this problem, as if once you reach a certain value of P
the sample returns to a boundary condition of simple support.
In Figure 9.2 in my opinion, it is possible to see that the deformed shape on the right
side is not the one typical of simple support, but it resembles more that the deflected shape
present a flex near the edge. However this should be further investigated by a new experimental
campaign trying to recreate the same conditions in order to observe what happens at the edges
when such a behaviour is encountered.
Figure 9.2: Deformed shape encounetred during testing of specimen 2-1
For the above mentioned reasons, the curve relative to specimen 2-1 and 4-1 are excluded
from further discussion.
9.1.1 Comparison between good quality specimens
Figure 9.3 displays the performances of good quality specimens obtained from two plates: one
non-defective plate, the third, and a defective plate, the fourth.
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Figure 9.3: Load-deflection curves of good quality specimens
Even if there are no visible defect on the specimen obtained from the last plate, its perfor-
mances are below the ones of the perfect plates.
Referring to Figure 9.1 and Figure 9.4 it is possible to see that 4-3, has a lower performance
even if compared to specimen taken from plate three but showing a visible defect, in particular
3-5 which has a fibre ondulation on the fibres in the 90◦ direction and a slight overall curvature
and 3-3 which shows an higher arrow of the center line.
9.1.2 Comparison between good quality and curved specimens
A curvature of the specimen is by definition the imperfection. Its effects, also analitically
evaluable, are quite strong; that is confirmed also by the experimentation. Between all the
samples subject to a curvature, the most affected is 4-5 and in fact its curve lays below the
envelope of the others.
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Figure 9.4: Load-deflection curves of good quality specimens
9.1.3 Comparison between good quality specimens and specimens
displaying fibre waviness
Of particular interest for the present purpose, namely the inspection of the effects of fibre
waviness, is Figure 9.5.
Let us exclude the samples obtained from plate 4, already labeled as strongly defective since
their performances are below the mean.
What remains in the plot are two set of data, defining two different envelopes: one relative to
specimen with straight fibres and one to samples showing a fibre misalignment. The two areas
defined by the upper and lower curve of defective and non-defective specimen, are distinguishible
and essentially do not overlap.
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Figure 9.5: Comparison between good quality specimens and specimens displaying fibre wavi-
ness
Form this trend it seems possible to assume that an undulation of the fibers can be distin-
guished and thus evaluated with respect to the behavior of a specimen formally healthy.
9.1.4 Comparison between specimens with curvature, fibre misalign-
ment and showing both defects
Even if it is possible to separate the performance of a specimen with fibre waviness from
one of good quality, it is clear that this is not likely to happen when comparing specimen
displaying both curvature and fibre misalignment. From Figure 9.6a, some distinctions can be
done between specimen that present only a centre line curvature and sample that together with
that are affected also by undulation of fibres. In particular, from image a, excluding the curve
4-5 relative to an incredibly curved specimen, it is possible to distinguish a trend between the
elements just curved (specimens 3-3 and 2-2) and the ones which display also an undulation
(1-1, 1-2 and 1-5).
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(a) fibre misalignment, curvature and a combination (b) fibre misalignment vs combination
Figure 9.6: Load-deflection curves in the case of initial curvature, fibre misalignment and a
combination of the two
9.2 Discussion of the results
The current analysis, even if preliminar, shows some interesting results that must be deeper
inspected by new tests.
It is particularly interesting to note that the effect of fibre waviness can be separated from
the global behaviour of specimen of good quality and also, even if on a lower level, curved
specimen with and without undulation present a distinction.
The difference in the behaviour of the two typologies of specimens is in the value of the
critical load, which is obviously lower for flawless specimens.
In addition, there is a difference in the load-deflection curve and in particular in the begin-
ning, the zone relative to small value of deflection. Here, for a nominally perfect specimen the
slope is high, and at limit for a perfect sample the curve is vertical (meaning that in the theory
no deflection are encountered before the critical load is reached). On the contrary samples
affected by fibre ondulation show a smoother slope, as visible from Figure 9.5.
This is in accordance with what was found numerically. In fact, comparing the two models,
one displaying variable thickness and the other a curvature of the fibres, the same trend was
found. The slope of the rectilinear part of the load displacement curve for the first case was
higher (in the numerical case, where no defects a part from the one induced are present, the
line is vertical) while in the second case the slope showed a decrese in value, even if slight due
to the flawlessness of a numerical model (Figure 9.7).
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(a) (b) view of the slope
Figure 9.7: Load displacement curve for a specimen displaying a differential thickness and the
same specimen affected only by an in-plane curvature if the fibres
Focusing on the change in the value of the critical load (experienced also on a experimental
data), a motivation can be adduced, with the support of theory.
When considering the Southwell plot, the inverse of the slope of the curve is the value of Pcr
relative to the perfect beam as computed using the linearised theory (imposing EI constant);
what takes into account the imperfection is the intercept with the vertical axis.
When dealing with a beam with a geometrical imperfection, as the first two cases of the
numerical analysis or also as the nominally perfect specimens (or even more the curved ones),
the slope of the curve should keep unchanged and equal to the inverse of the Pcr analytically
evaluable after fixing material and geometry.
When on the contrary fibre waviness is taken in consideration, the effect found is a change
in the value of the critical load. This is in accordance with the typology of the defect; an
undulation in fibre should in fact be considered as a change in the material properties, a local
variation in orientation of fibres in a zone of the ply may be regarded as a local change in the
value of EI. When EI is not constant over the length of the beam, the linearised theory is
not applicable any more and the energetic approach should be used to proceed with a proper
analysis.
Albeit the small deflection theory is no longer consistent, its results exert clearly the moti-
vations. According to the equilibrium analysis limited to small deflection, the value for which
the bifurcation occurs is Pcr = PE =
(pi
l
)2
EI.
The impact of undulation in fibres (or a variation of the orientation in general) is to change
the value of the Young modulus E. Therefore, in this perspective, a drop in the value of Pcr is
expectable and comprehensible. To properly inspect this behaviour analytically, it is necessary
to use the energetic approach which makes it possible to take into account a EI(s) variable
along the beam, where s is the coordinate which describe the central axis.
To better evaluate the principle, a computation is carried on to inspect the two different
effects: of a geometrical imperfection and of a material imperfection on the value of the initial
imperfection z0 and the critical load Pcr. For this means two cases have been considered: one
with a sinusoidal initial curvature of the centre line of 0.1 mm, the other one is obtained by
changing the orientation of the fibres of every ply by ±10◦ in a central area of length 1/2 of
the entire beam.
The results of the Southwell plot are in accordance with the hypothesis just formulated.
The amplitude of the initial imperfection z0 is in both cases close to the real value of 0.1 mm,
in the first case of no misalignment of fibres 0.099 mm and the second case of a change in
orientation 0.12 mm.
The material error introduced is quite strong and in fact the impact on the value of Pcr is
98 CHAPTER 9. BUCKLING TESTS
absolutely not negligible passing from 202 N to 148 N, as showed in Figure 9.8
(a) (b)
Figure 9.8: Southwell plot displaying the effect of an undulation in fibre (material imperfection)
compared with an initial curvature (geometrical imperfection)
The conclusion of the testing are therefore positive towards the inverse approach; the pur-
pose of the work was to inspect whether fibre waviness could be distinguished from other defects
in terms of buckling behaviour and it appears that this is possible.
Chapter 10
Conclusion
In literature it is common to find analysis on buckling behaviour of composites laminates which
present defects: numerous paper investigates both experimentally and numerically the impact
of delaminations, as function of the number, the dimension and the position. In practical cases,
not only a single typology of defect is present and the detection of such defects by means
of non-destructive methodologies e.g. ultrasound, is not a simple matter, especially for thin
laminates, as those we are to analyse.
It is interesting then to see if it is possible to reverse the problem and try to relate the
behaviour at buckling of a sample to the defects present, and in particular fibre waviness.
The approach followed, have been developed on two levels: numerical and experimental.
The numerical approach has made it possible to highlight the behaviour of models charac-
terized by different defects and therefore understand if it is possible to notice differences useful
to make a distinction when subsequently experimental tests are performed.
Defects such as fibre misalignment are usually more localized and affect only partially the
complete laminate. On the other end it is really common and usually unavoidable to an initial
curvature or crookedness in the sample. The effect of this last issue are visible when performing
buckling test, it is then necessary to understand if also the effects of more localized ones can
be identified and distinguished from the effects of wider defects.
On a theoretical point of view, the distinction appears to be feasible due to the fact that a
defect as fibre misalignment act as a material defect, while an overall defect such as a global
curvature is more of a geometrical imperfection.
The experimental procedures consists of compressive test to inspect the behaviour at buck-
ling of the material. This experimental testing, even if limited to a reduced amount of samples,
seems to imply that the effect of an undulation in fibres can be distinguished when evaluating
the performance of a non-defective sample.
By some means they can also be distinguished when they appear together with a curvature
of the sample, since they cause an ulterior drop in the load borne by the structure. This last
trend need further inspections, since there are some specimens that present extreme behaviours.
A more refined experimental apparatus could lead to significant improvements in the analysis.
The results of the current work is favourable towards the approach, which however leaves
room for uncertainties. It therefore need to be coped with at least a previous non-destructive
inspection of the specimen in order to proceed to a better correlation between real defects and
performances.
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Appendix A
Statistical procedure used for
computing the Southwell plot fitting
line
Lets consider two variables between which a linear relation in the form Y = α+βX is supposed
to exist. Given a data sample (xi,yi), i = 1, 2, ..., n, it is desired to estimate aˆ, bˆ parameters of
the linear relation; this could be obtained for instance using the Least Square method, which
permits also to consider different weights pi for each different couple of values (xi,yi). It consists
in minimizing the quadratic form:
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∑ with vi =yi −(aˆ+ bˆ xi ) = yi − yˆi
where νi are the residuals or the difference between the experimental value yi and the
predicted value yˆi of the line correspondent to xi. The estimated parameters of the line are
given by the relation:
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The LS method provides also the indeterminacy to be associated to the estimates of the
coefficient, using the following variance matrix:
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where ∆ =
∑n
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2
and the multiplicative constant s2 calculated
from the residuals:
νi = yi − (aˆ+ bˆxi) = yi − yˆi
s2 =
∑n
i=1
pi(yi − aˆ− bˆxi)2
n− 2
Making the variances of a and b and their covariance explicit, it applies:
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Uncertainty of the expected value of the ordinate for a given abscissa
The value that could be estimated for the ordinate corresponding to a generic value x of the
abscissa and thus belonging to the regression line, could be expressed as:
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This value is computed by the estimate of the parameters, which are random variables
affected by errors, thus also this is affected by a variance σ2yi that could be obtained applying
the variance propagation law :
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The calculation of yˆ standard deviation is possible with the formula:
	   2 2 22y b ab as s x s x s= + +
The variable yˆ follows a Student distribution t with n− 2 degrees of freedom, then a confi-
dence range associated to a probability p (and then to a significativity level α = 1−p) is given by:
	   2,1 /2 2,1 /2ˆ ˆ ][ ,n ny yt s t sα α− − − −− +
Since the estimation of the parameters of the line are affected by error, as well it could be
estimated the error associated to Pcr and z0, which function of the parameters:
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b
By the application of the propagation of variance
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